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Abstract: We establish several results concerning tensor products, 
^ ' ^-characters, and the block decomposition of the category of finite- 



dimensional representations of a quantum afhne algebra in the root 
of unity setting. We also give a counterexample showing that Weyl 
modules may not be isomorphic to a tensor product of fundamental 
representations in this setting. In the generic case, this isomorphism 
' was essential for establishing the block decomposition theorem. We 

overcome the lack of such tool in the root of unity setting by using 
• ■ results on specialization of modules. 



Introduction 

Let be a finite-dimensional simple Lie algebra over the complex numbers and = 0® C[t, t^^] its 
^ ■ associated loop algebra. Following Drinfeld and Jimbo, one can consider the quantum groups Uq{Q) 
OO I and Uq{Q) which are Hopf algebras over the field C{q) of rational functions in the indeterminate q. 
The latter is most often called a quantum affine algebra. Using C[q,q~^]-ioims of Uq{Q) and Uq{Q), 



^ . one defines specializations of the quantum groups at g = ^ G C\{0}. If ^ is generic, i.e., not a root of 

I unity, the "general behavior" of the resulting algebras does not depend on ^ or on the chosen form. 

■ However, if ,^ is a root of unity, the resulting algebras depend drastically on the chosen form, as well 

0\ '. as on f. 

o 



In this paper, we focus on the algebras obtained from Lusztig's form which is the one generated by 
the divided powers of the quantum Chevalley generators of Uq{Q) or Uq{Q). The resulting algebras will 
^ I be denoted by ^7^(0) and U^{q), respectively. We study the category of (type 1) finite-dimensional 
■ representations of U^{q) with special attention to the root of unity setting (the order of the root of 
unity is assumed to be odd and relatively prime to the lacing number of 0). We start by studying the 
concept of Weyl modules which had not been considered in the literature before in the root of unity 
context. Next, we obtain several results concerning specialization of modules and prove a version of 
the main result of [8j which gives a sufficient condition for a tensor product of simple objects of to 
be a quotient of the appropriate Weyl module. In the generic case, this result combined with results 
of Beck and Nakajima [5] were used in [12] to prove that the Weyl modules are isomorphic to certain 
tensor products of fundamental modules. We give an example showing that this is not always the case 
in the root of unity setting. We proceed by describing the block decomposition of C^. Finally, we show 
that the main result of [12] regarding the braid group invariance of the ^-characters of fundamental 
representations holds in the root of unity context as well. 

The block decomposition of the category was first studied in [22] where it was proved that the 
blocks are parameterized by the so-called elliptic characters which are elements of the quotient of the 
^-weight lattice of U^{q) by the £-root lattice. However, in that paper ^ was assumed to be a nonzero 
complex number satisfying |^| 7^ 1. The reason behind this assumption was that the original approach 
of [22] used analytic properties of the action of the R-matrix of U^{q) which could be guaranteed only 
for such ^. A new approach, in connection with the i!-characters (more often known as g-characters) , 
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was developed in [T^]. This approach was used to describe the blocks of for all generic We will 
mostly follow this later approach to describe the blocks of in the case that is a root of unity. 
However, our results concerning tensor products show that one of the main techniques used in the 
generic context is not available in the root of unity one. Namely, an essential tool for proving that two 
objects having the same elliptic character must be in the same block was a corollary of [8| Theorem 
4.4] stating that a tensor product of fundamental representations can always be reordered in such a 
way that it is a quotient of the corresponding Weyl module. In fact, as mentioned above, it was shown 
in [12] that such reordered tensor products are isomorphic to the corresponding Weyl module thus 
proving that every Weyl module is isomorphic to a tensor product of fundamental representations. The 
latter statement, as well as the aforemention corollary, is false (see Example 14. 25p in the root of unity 
setting. Because of this, our version of [HI Theorem 4.4] in the root of unity context (Theorem 14.330 
requires a somewhat restrictive hypothesis. In any case, even if such hypothesis could be removed 
(which is the case for g of type Ai), the technique of tensor products could not be used as in the 
generic context. 

To overcome this issue, we consider specialization of modules. Namely, we prove that the irre- 
ducible quotient of the specialization of an irreducible constituent of a Weyl module is an irreducible 
constituent of the specialization of that Weyl module. Using this and combinatorial arguments, we 
are then able to "lift" simple objects having the same elliptic character from the root of unity to the 
formal q context in such a way that the modules thus obtained have the same elliptic character again. 
We then use the results of [I2] showing that these lifted modules are linked by a certain sequence of 
Weyl modules. By specializing this sequence back to the root of unity context we are then able to 
show that the starting two modules must have been in the same block. We remark that this proof 
also works for = 1 in which case is the category of finite-dimensional g-modules. The blocks for 
^ = 1 were described in [11] using a different approach (for showing that two objects with the same 
elliptic character must be in the same block). Hence, our proof is an alternate one to the proof of the 
block decomposition theorem in the classical context as well. In fact, the proof works for any generic 
value of ^ and, therefore, it can be thought of as a uniform proof. We note that the elliptic characters 
were called spectral characters in [IT] since their elliptic behavior degenerated when ^ = 1. 

The theory of ^-characters is one of the most interesting topics of the finite-dimensional repre- 
sentation theory of quantum affine algebras. It was initiated in [26j under the name ^-characters. 
There are several papers dedicated to the study of ^-characters of the finite-dimensional irreducible 
C/g(3)-modules and other important subclasses of representations such as standard or Weyl modules 
(see [24] |25l [271 EH HZl HH E] and references therein). The ^-characters can be encoded in a ring 
homomorphism from the Grothendieck ring of to the integral group ring 'L\P^ of the ^-weight 
lattice. In [42], under the assumption that g is simply laced, Nakajima defined certain polynomials 
similar to Kazhdan-Lusztig polynomials by studying cohomology of quiver varieties. This lead him to 
define a function Xi,t '■ i^^] — > ^["P^] ^^^[t, t^^\ called the t-analogue of the ^-character ring 

homomorphism. It turns out that at t = 1 this function specializes to the ^-character ring homomor- 
phism. Moreover, the definition of x^,t was axiomatized in a purely combinatorial manner leading to 
an algorithm for computing the ^-characters of the irreducible or of the standard modules. This algo- 
rithm was used in [43j to give explicit formulas for the t-analogues of the -^-characters of the standard 
modules when g is of type Aor D and ^ is not a root of unity. The formulas were presented in terms 
of tableaux and a connection with the theory of crystals was discovered. The algorithm was also used 
with the help of a supercomputer to compute the t-analogues of the -^-characters of the fundamental 
modules when g is of type E in [44j (also for generic ^). In [27^ I28j. Hernandez proved a conjecture of 
Nakajima saying that the existence of the function Xi,t could be established using only its axiomatic 
description (without the use of geometry). This allowed him to extend the concept of t-analogues of 
.^-characters for general g. However, due to the lack of a definition of the quiver varieties in general, a 
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proof that the algorithm indeed gives the ^-characters of the irreducible modules when g is not simply 
laced g is still missing. 

In \12\ Theorem 6.1], Chari and the second author proved that the ^-characters of the fundamental 
representations satisfy a certain invariance property with respect to the braid group action on the 
^-weight lattice provided g is of classical type and ^ is not a root of unity. As mentioned above, we 
show that this remains valid in the root of unity setting as well (see Theorem I4.47P . This result was 
used in [13] to obtain closed formulas for the ^-characters of fundamental representations of U^{q). 
Actually, this theorem gives a recursive method for computing a lower bound for the ^-characters of the 
fundamental representations. In order to show that this is also an upper bound, the authors of flSj used 
that the character of the fundamental representations (i.e., their C/^(g)-structures) were already known. 
By looking at the simplest nontrivial example, we show that this procedure may be applied in the root 
of unity setting as well. Namely, we use Theorem 14.471 and the theory of specialization of modules 
to obtain an explicit formula for the ^-character of the fundamental representation corresponding to 
the adjoint representation when g is of type D„ and ^ is any root of unity (of odd order) in terms of 
the braid group action on the ^-weight lattice. In particular, we show that this fundamental module 
is irreducible as C/^(g)-module iff the order of ^ divides n — 2 (Nakajima has explained to us that the 
same result can be deduced from the algorithm of [42] ) . We believe that the same line of reasoning can 
be used in general but, since the combinatorics would be rather lengthy, we find it more appropriate 
to leave this task for a forthcoming publication. We remark, however, that there are more ^-weight 
spaces with multiplicity higher than one in the root of unity setting than in the generic one as it can 
be seen in the example we considered here. We explicitly describe the multiplicities in this example 
(see (1329]) )■ 

The paper is organized as follows. In Section[Tl we fix the basic notation and review the construction 
and some structural results for the algebra U^{q). In Section O we review the definitions of the £- 
weight and the ^-root lattices and describe their quotient. Also in Section [21 we give the definitions 
of resonant order for dominant ^-weights and of ^-regular dominant ^-weights which are the main 
combinatorial conditions used in the statement of Theorem 14. 331 Section [3] brings the basic facts 
of the finite-dimensional representation theory of U^{q) such as the classification of the irreducible 
modules in terms of dominant ^-weights, the existence of universal finite-dimensional highest-£-weight 
modules called the Weyl modules, and a few results related to the ^-characters. We remark that 
the proof of the existence of the Weyl modules was not complete in the literature for type G2. We 
provide the missing technical details for this case here. The main results of the paper are in Section 
[H In ^4.11 ^4.2[ and ^4.31 we review the basics of the theory of specialization of modules, evaluation 
representations, and the existence of the Probenius homomorphism. We remark, however, that to the 
best of our knowledge the main result of ^4.11 (Theorem 14. 3p had not been considered in the literature 
if g is of type G2. It turns out that this case has some extra technical difficulties which we have 
resolved here. In N4.4I we prove the aforementioned Theorem 14.331 as well as a stronger version of it 
for two-fold tensor products in the case g =5(2. In ^4.51 we prove that, under mild assumptions on 
the highest ^-weight, the specialization of an irreducible constituent of a highest-£-weight module is 
an irreducible constituent of the specialization of that module. We use this to prove Theorem 14.381 
which says that every simple object of is a constituent of the specialization of a highest-^- weight 
tensor product of fundamental representations with ^-fundamental weights indexed by /, (see Table 1 
below). We remark that if ^ is not a root of unity one can remove the expression "the specialization 
of" from the statement (this is a consequence of Theorem 14.221 among other things), but in the root 
of unity setting that is not the case as shown by Example 14.251 The description of the blocks is given 
in ^4.61 and the results concerning the ^-characters of fundamental representations is given in ^4.7[ 
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draft of the paper, and very kind and helpful communication. 

1. The Quantum Loop Algebras at Roots of Unity 

1.1. Notation and Basics on Simple Lie Algebras. Throughout, C,Z,Z>o denote the sets of 
complex numbers, integers, and non-negative integers. For any integer m, denotes the set of all 
integers greater than m. Given a ring A, the underlying multiplicative group of units is denoted by 
A^. The dual of a vector space V is V*. The symbol "=" denotes isomorphisms. Tensor products of 
vector spaces are always taken over the underlying field unless otherwise indicated. 

Let g be a simple Lie algebra of rank n over the complex numbers with a fixed triangular decom- 
position 

= n+ e f) e n". 

Let I = {1, . . . ,n} be an indexing set of the vertices of the Dynkin diagram of g and i?"*" the set of 
positive roots. The simple roots are denoted by Oi, the fundamental weights by uji, while Q, P, Q^,P^ 
denote the root and weight lattices with corresponding positive cones, respectively. Let also hi be the 
coroot associated to and denote by xf a basis element of the root space corresponding to ±ai,i G /. 
Equip f)* with the partial order A < ^ iff ^— A G Q^. Denote by W the Weyl group of g, by Sj the simple 
reflections, by £{w) the length oi w G W, and let wq be the longest element of W. Let C = {cij)ij^j 
be the Cartan matrix of g, i.e., Cij = aj{hi), and let D = diag((ij : i £ I) where the numbers di are 
coprime positive integers such that DC is symmetric. We suppose the nodes of the Dynkin diagram 
of g are labeled as in Table 1 below and let /, be the indexing set of the black nodes. 



Table 1 




We shall need the following well-known lemma which can be deduced from the results of |29j . 
Lemma 1.1. Let A G P^. 

(a) If /i G P^ is such that /i < A and w G W, then wfi < A. Moreover, wqX is the unique minimal 
element of the set P{X) := {wfj, : w G W, /i G P~^, fJ- < A}. 

(b) If i G I and w £ W are such that i{siw) = £{w) + 1, then w~^ai G R^. In particular, 
wX + ai ^ P{X). □ 
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If a is a Lie algebra over C, define its loop algebra to be o = a ij^c t^^] with bracket given by 
[x ®t'\y® t^] = [x,y\ (8) f'^'^. Clearly a (8) 1 is a subalgebra of o isomorphic to a and, by abuse of 
notation, we will continue denoting its elements by x instead of a; (8> 1. We have g = n~ © ^ © n"*" 
and \) is an abelian subalgebra. The elements xf ® t"^ and hi ® t"^ will be denoted by xf^ and hi^r, 
respectively. 

Let U{a) denote the universal enveloping algebra of a Lie algebra o. Then U{a) is a subalgebra 
of U{a). Moreover, if a is a direct sum of two of its subalgebras, say a = b © c, then multiplication 
establishes an isomorphism of vector spaces U{b) ® U{c) — > U{a). The assignments A : a — > U{a) <8) 
U{a),x ^x^l + lC^x, S : a, xi-^ —x, and e : a ^ C,x i-^ 0, can be uniquely extended so 
that U{a) becomes a Hopf algebra with comultiplication A, antipode S, and counit e. Given a Hopf 
algebra H, we shall denote by the augmentation ideal of H, i.e., the kernel of its counit. 

For each i e I and r G Z, define elements Aj^^ ^ by the following equality of formal power 

series in the variable u: 

(1.1) Af{u) = ^ A,,±ru' = exp - ^ . 

r=Q \ s=l ^ ) 



1.2. Quantum Loop Algebras. Let C(g) be the ring of rational functions in an indeterminate q 
and define 



q-q- 



_ [m]g • • • [m - r + 1]^ 



J9- 



for r,m G Z>o. If m > r, 



9- 



r „! m — r 



Set A = C[g, g ] and recall that [m]^, [m]^!, [™]^ € A. Thus, when q specializes to a non-zero 
complex number then [jTT-lg!, [™]q specialize to complex numbers which will be denoted by 
Hc> Hc^i respectively. 

Set qi = q*^* and [m\i = [m\q^. The quantum loop algebra Uq{Q) of g is the algebra over C((/) with 
generators xf^ {i E I, r eZ), kf^ {i E I), hi^r (i E I, r E Z\{0}) and the following defining relations: 



kik^ — ki — 1, kikj — kjki^ k^hj^ — hj^^ki^ hi^^hj^g — hj^gh^^^^ 

± ± ±Cij ± ± ±Cij ± ± ± ± 



,r+s 
Qi - Qi 



E Ef-i) 

creSm k=0 



for all sequences of integers ri, . . . , t^, where ttj. = 1 — Cij, is the symmetric group on m letters, 
and are determined by equating powers of u in the following equality of formal power series: 



^f{u) := X; ^t±y = 'exp ±(g, - qr^) K±s 



r=0 
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Denote by Uq{n ) ,f7g(f)) the subalgebras of Uq{Q) generated by {x^^},{k^ ,hi^s}, respectively. 



Let Uq{Q) be the subalgebra generated by xf^, kf^ and define C/q(n^), Uq{\]) in the obvious way. Note 



that tpf^ = kf^ and that [/^(fl) is the quantum group as defined in [38]. Henceforth, we may denote 
xf^ by xf . Multiplication establishes isomorphisms of C(g)-vectors spaces: 

Uq{Q) ^ Uq{n-) Uq{i)) ® Uq{n+) and UqCg) ^ Uq{n-) Uq{^) C/,(fi+) . 

We will also consider the subalgebra Uq{Qi) generated by kf^,hi^r,xf^ for all r, s £ Z,r ^ 0. The 
algebra Uq{Qi) is isomorphic to [/g. (512). The subalgebra Uq{Qi) is defined similarly. 
We shall make use of the following proposition whose proof is straightforward. 

Proposition 1.2. Let a € C{q)^ . Then, there exists a unique C(g)-algebra automorphism Qa of Uq{Q) 
such that Qa is the identity on Uq{Q) and Qaixf^) = a^xfj.. □ 

1.3. Restricted Integral Form and Specialization. We now recall the definition of Lusztig's 
restricted integral form C/a(s) of Uq{Q) and the corresponding specialization U^{q) where ^ is a nonzero 
complex number (cf . [19l |25l [S^ ) . 

/ it \ m 

For r,c G Z,s,m G Z>o,i G /, let (x± )(™) = \i^V G Uq{Q) and 



c+l—m 1,—1—c—l+m 



-j-j- /Cigj - 




(1.2) 

m=l 

Denote [^^^^] by [^ ]. Define elements Aj^^i^ G /, r G Z, of C/q(g) by 

00 

(1.3) Af (ti) = ^ Aj^i^n'" = exp 
Note that 

(1.4) *±(„).t«|(pq) 

where the division is that of formal power series in u with coefficients in Uq{Q). Although we are 
denoting the elements x^j,,hi^r,-^i,r of Uq{Q) by the same symbols as their classical counterparts in g, 
this will not create confusion as it will be clear from the context. Notice also that Uq^i)) is generated 
by kf^ and Ai^r, i G /, r G Z, as a C(g)-algebra. 

Let ?7a(0) be the A-subalgebra of Uq{Q) generated by the elements (a;^^)^™''' and fc, for all i G I, r G 
TL^m £ Z>o. 

Theorem 1.3. We have [/a(5) 0AC(g) = C/g(g). 

Proof. Let 9 be the maximal root of g and write 6 = ^i^j GiOi. If q is such that 6i = 1 for some 
i € I, the proof is essentially given in [3] (the proof is written down completely only in the case g is 
simply laced but, as pointed out in the proof of [7^ Lemma 2.1], the same proof goes through for g of 
type B or C). In the three remaining cases {Es,F4^, and G2) we have min{0j : i G /} = 2. Following 
the reasoning of the proof of ^4^ Proposition 2.6], part of the argument can be modified to cover these 
cases by using [371 Lemma 2.7]. □ 

Let f7A(n='=) = Ua{q) n Uq{n)^ and Ua{^) = Ua{9) n Uq{^). It was proved in [TO", Proposition 6.1] 
that multiplication establishes an isomorphism of A-modules 

(1.5) c/A(g) = f/A(ft")®c/A(^)^f/A(ft+). 



7 



Moreover, UAifi^) is the A-subalgebra of Uq{Q) generated by {(x^^)*^*") : i G /, r € Z} and C/a(^) 
is the A-subalgebra of Uq{Q) generated by {A;^, ], Aj^^ ■ i & I,r G 7^, s £ Z>o}. The subalgebras 
Ua{q), f^A(n^), and Ua{^) are defined similarly and the corresponding statements to the ones above 
are obtained analogously. We note that [^^^] G C/a(0) and record the following relations (cf. [36]): 

min{p,r} 

(1.6) (x+)(^')(x-)M = J2 K")^^-'"^ 

TO=0 



ki ; 2m — p 
m 



-\{p-m) 



p,r 7j 



>0 



(1.7) 



ki', c 

m 



\(p) — \(p) 



ki', d pCij 



m 



,pGZ 



>0 



Given ^ G C ^ , denote by the evaluation map A — > C sending q to and by the A-module 
obtained by pulling-back e^. Set 

(1.8) U^ia) = UA{a)®AC^, 

for a = Q,n^,t),g,n^,t). The algebra U^{a) is called the restricted specialization of Ug{a) at q = ^. We 
shall denote an element of the form x 1 G U^{a) with x G Ua{ci) simply by x. If ^ is not a root of 
unity, the algebra U^{q) is isomorphic to the algebra given by generators and relations analogous to 
those of C/q(g) with ^ in place of q and its representation theory is parallel to that of Uq{g). We shall 
be particularly interested in the cases ^ = C where C is a nontrivial root of unity and ^ = 1. In the 
former case, the algebras U(^{a) are also known as Lusztig's quantum groups. As for the later: 

Proposition 1.4 ([IS HQ]). U{q) (resp. U{q)) is isomorphic to the quotient of Ui{q) (resp. Ui{q)) 
by the ideal generated by fcj — 1. □ 

Corollary 1.5. The category of f7i(0)-modules (resp C/i(0)-modules) on which ki acts as the identity 
operator for all i G / is equivalent to the category of all g-modules (resp. g-modules). □ 

Henceforth, assume / is an odd integer > 3 and assume / is relatively prime to 3 if 3 is of type G2. 
Let C G C be a primitive ^-th root of unity and set (^i = Q'^^ for i £ I. The hypotheses on I imply that 
(^f is a root of 1 of order I as well. In particular, / is minimal such that [/]^. =0. If g is not of type 
G2, let C be the set consisting of q and all nonzero complex numbers which are not roots of unity of 
even order. If g is of type G2 we also exclude from C the roots of unity whose orders are multiples of 
3. Henceforth, for simplicity of notation, the expression "root of unity" will pertain only to nontrivial 
roots of unity and not to 1. Unless stated otherwise, will always denote an arbitrary element of C 
and we set I = 1 when ^ is not a root of unity for notational convenience. An element of C which is 
not a root of unity will be referred to as a generic element (so 1 and q are generic). If ^ G C satisfies 

= 1 for some k G Z>o, then ^ is said to have finite order. Otherwise, ^ has infinite order. Thus, 1 
is the only generic element of finite order. 

Remark. Although several of the results that follow can be proved for even roots of unity as well, 
some of the proofs (and even the precise statements) require many more technicalities. For simplicity 
and uniformity, we shall keep the above made assumptions on ^. 

It is well known that U^{q) is a Hopf algebra. However, if ^ 7^ 1, an expression for the comultiplica- 
tion A of U^{q) in terms of the generators xf^, hi^r, kf^ is not known (the definition is given in terms 
of the Chevalley generators which we do not need to consider here) . The following partial information 
obtained in O HI [T71 [21] suffices for our purposes (see also Lemma 7.5 of [19j). First we recall that 

(1.9) A(fci) = ki®ki for ah i G /. 

Let be the C(e) -span of the elements xf^ for all z G /, r G Z. Similarly, given i I, let X^{i) 
be the C(^)-span of the elements x^^ for all j G r G Z. 
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Proposition 1.6. The restriction of A to U^{gi) satisfies: 

(a) A([^,-]) = E;=o \r%]k;' ® [''1 for every r G Z>o. 





A;. ^ (g) 


hi 
3 


-0C/5(0)(X+)(2) 



i=i 

(c) Modulo C/5(g)(X-)(2) ® ;75(0)X+ + U^{g)X- ® ;75(0)X+(i), we liave 

r-l 

^(^*>) = fei + 1 O x", + ^ (r > 0), 

r 

A(xr_J = ® /^r^ + 1 ® xT^^ + ^ • > 0). 

(d) Modulo U^{q)X- ;7^(0)X+, we have 

r 

j=0 

r 

j=0 



for every r E Z>o. 



If y is a representation of a Hopf algebra H, its dual space V* is equipped with the structure of 
a representation by using the antipode. We shall not need the precise expression for the antipode of 

US)- 

Given i G / and s G Z, define 



(1-10) X,r(n) = ^xr 



r>l 



Lemma 1.7. For every z G / and s G Z, we have 

K-sY'H^wf^ = (-1)' ((X- (n))('^-')A+(^))^mod [/A(0)C/A(ft+)°. 

Here is understood to be zero if A; < / and the subindex k on the right hand side means 

the coefficient of u*^ in the given power series. Also, Uji^{n'^)^ = f/A(0) H Uq{n'^)^. 

Proof. For s G {0, —1} this was proved in \19\ §5]. The general case follows by applying the algebra 
automorphism determined by the assignment (x^^)*^*^^ i— > {xf^_^g)^'^\ □ 

The proofs of the next two lemmas can be found in |38j . 
Lemma 1.8. Let m = ttiq + Imi, r = tq + Iri where m,r €z Z, m > r, < mo, tq < I — 1. 

(a) [T]^^ = mi and, if mi,n > 0, then [™]^^ = ['?,']^^{^^) . 
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(b) If m' e Z satisfies Cf' = and ['^' = then m' = m. □ 

Lemma 1.9. The following identities hold in U(^{q): 

(a) (xf^)*^™) = (a^fr)''"'"^ ~ — i fo'^ alH G I, m,r G Z,m > such that m = mil + mo with 

<mo <l. 

(b) [^';.] =[!^] [t] and [^;]=lj]([^^»]-j-)foralHGl,m,rGZ>o. 

• j=0 

(c) /Cj^' = 1 and /c' is in the center of U(^{g). 

In particular, U(^{q) is generated by and (xf^)^^'^ with i I ,r Z, and C/^(f)) is generated by the 
elements ki, ['^l], ^i,r with i € I ,r e Z. □ 

Lemma 1.10. The elements hi^g := belong to {7a(0)- Moreover, the image of hi^s in U(^{q) is 

nonzero. In particular, U(^{[)) is generated by {ki, [^/])^j,s : i & I,s G Z>o} as a C-algebra (with 
identity) . 

Proof. We have 

oo /oo \ oo^^w/oo \ 

(1-11) - E W = In E H±ru^ ]=EtTj[E- 

s=l \r=0 ) t=0 \r=l 

It follows that 

^i,±s — ^ ^ i'i,s,r-^i^r 
0<r<s 

with = --irpr S Q and A^^^ = J2 ^i,±ri ■ ■ ■ ^i,±rk where riH hr^ = s,l < k < r + 1,1 < rj < s. 

Clearly the lemma now easily follows. □ 

Let U^^{g) be the subalgebra of U^{g) generated by U^{i}) and xf^,i G I, r G Z. Define U^^{q) 
similarly. If ^ is not a root of unity, U^'^{q) = U^{g) and U^'^{g) = U^{g), but for ^ = C they are proper 
subalgebras. 

Remark. The algebras U^^{g) and U^^{q) are enlargements (in the Cartan part only) of the so-called 
small quantum groups and small quantum affine algebra (see \25\ §2.4] for instance). 

1.4. Braid group action and some identities. In this section we state some identities that will 
be needed later. Given a C((7)-associative algebra A,x,yG A, and p G C{q), define 

(1.12) [x,y]p = xy -pyx. 

When p = 1 this coincides with the usual commutator of associative algebras and the subindex 1 will 
be omitted. 

The braid group B associated to g is the multiplicative group generated by elements Ti,i G I, with 
defining relations: 



TiTj = TjTi, 


if Cij = 


0, 


rri rri rri rri rri rri 

J-i-LjJ^i — 


if CijCji 


= 1, 


{T.Tjf = {TjTif, 


if ^ij^ji 


= 2, 


{T-Tjf = {TjTif, 


if ^ij^ji 


= 3. 



The following proposition is well known. 
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Proposition 1.11. Let w = Si^^ ■ ■ ■ be a reduced expression of w € W. The assignment 

w ^ Tu, = Ti^ ■ ■ ■ Ti^ 

does not depend on the choice of a reduced expression for it;. □ 

Let n,'!' : Uq{Q) — > Uq{Q) be the C-algebra anti-automorphisms defined by 

VLxf = xf, nki = k~^,nq = q'^ and ^xf = xf, "^ki = k^^, *g = q. 
The next theorem is proved by straightforward computations (see \39\ §3]). 

Theorem 1.12. For every i I, there exists a unique algebra automorphism Ti of Uq{Q) such that 
TiX~^ = —Xj^ ki,TiX^ = —k^ x^ ,Tikj = kjk^ , and, for j ^ i, 



— c 



T^x| = T,xj = ^{-l)'qr'^-'{x-)^-^^^-'^xJ{xr)(^l 

k=0 k=0 

Moreover, the above defines a representation of B on Uq{Q), Ti commutes with il, and T^^ = ^'Tj^.D 
Given such that Cji = —1, define the following elements of Uq{g): 

and 



i+ctj ' 2ai+aj ij 



Remark. Despite the ambiguity of the notation in the case Cij = cji, this will not create 

confusion further on. Observe also that if cji = —1 and Cj,- < —1, then di = 1 and, hence, qi = q. 



The next lemma is proved by a straightforward but tedious computation (cf.[39l §5]). 



Lemma 1.13. Let i,j G / be such that Cji = —1. Then, Tjxf = —X^,,^. = —[xf,xf] ± 



TjTiXj 



X • • if Cj T — 2 « 



['^]q^^2ai+aj-' ^f Cij - 2, TjTiTjxf - < ^ : / _ _o 

{-[Ql'^lq-) -^3Q,+2a,' It dj - -6, 



and, if = -3, then TjTiTjTixf = ([3]g!) ^X^^^^^, and TjTiTjTiTjxf = xf . □ 

Consider also the C((7)-algebra isomorphism $ : C/q(n+) — > C/g(n^),x^ i— > G /. 

Definition 1.14. Let i,j G / be such that Cji = —1 and let Rf^ be the set of positive roots of the 
subalgebra of g generated by xf and x^ . For a G i?^ which is not a simple root, let xf be the element 
on the left-hand side of the equalities in Lemma [1.131 which corresponds to Xf^. For a = aj, i G I, set 
xf = xf. Define also x~ = a G Rfy 

The first set of formulas in the next Lemma is obtained from [391 §5.3 and §5.4] by applying the 
anti-automorphism Q while the second is obtained by applying 
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Lemma 1.15. Let i,j € / be such that Cjt = —1. Then, 

m>0 
s,t>0 
m,r,s,t>0 

V f-r^ ^{'■)('^~ \{m)/ -\(/-m-2r-s-i) if ^. . — _Q 

(^-)W(^-)(o = ^ r^^(™)(^7)^'"™^(^«.+".)^™^(^r)^'""^^ if = -1, 

m>0 
s,t>0 



m,r,s,t>0 



for some /i : Z>o ^ Z, /a : Z|o Z, fs : ^ Z. In particular, (a;-)^''), G UAin') for every 

a G Rti and ah A; E Z>o. □ 

I ■ I i fohowing is a particular case of |39l Proposition 5.7]. 

Theorem 1.16. Let g have rank 2 and fix an ordering on . Then, the corresponding ordered 
products of the elements {x^)^''\ a S , k G Z>o, form an A-basis of f/A(n^). □ 

Corollary 1.17. Let g have rank 2 and fix an ordering on Then, the corresponding ordered 
products of the elements a G R'^ , k G Z>o, form an A-basis of C/a(ti~). □ 

The proof the next lemma is straightforward. 

Lemma 1.18. Let i,j € I be distinct, r, s G Z and U^j' be the subalgebra of C/g(g) generated by 
and xjg. Then, the assignments x^^ i— > x~ ^x~ ^ i— > extend uniquely to a monomorphism of algebras 

r.s 
if.' . 

U[j — ^ Uq{n^). In particular, if rz = 2, (/:['| is an isomorphism. □ 

Given i^jEl such that cji = —1, a E -R^, and r^s E define 
(1-13) 7^'^ = and 7^'^ = 

It follows from the previous lemmas that {'ja'^)^''\ (70*)^'^^ G C/A(n~) for all a G i?^ and all r,s E 'Z. 
Moreover, by Lemma 11.131 and Theorem 1 1.16^ 

r,s r ~ ~ 1 [91"-'- r ~ 1 

(1.14) 

r,s rr,i_ir — r,s 1 r,s / roi \ — lr i',s r,s -i 

Similar formulas for are obtained by replacing q with in (jl.l4p . 
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Lemma 1.19. Let i,j I be such that Cjt = —1 and r, s E Z. Then, 

r,s —Cij~i — r,s —2cij—2~T—l,s+2 i r,s 3~r— l,s+3 

Proof. Let us first record the following identity which holds for any i £ I: 

This and the first identity of the lemma are immediate from the defining relation 

— — Cij — -— —C-ij — — _ 

■^i,r-^j,s 'it ^j,s-^i,r ~ % i ,r -l"^ j ,s+l j,s+l^^,r-l• 
As for the second identity we proceed as follows. By the first identity and (jl.l4p . we have 

rr)-| r,s r — —Cij~r — 1,3+1-1 

Then 



P]q72ai+aj — ^i,ril '^'^ ^i,r-l^ j,s+l ^j,s+l^i,r-l) ^ '^'^ '^''^ ^i^r-1^ j,s+l ^ j,s+l^i,r-l)^i,r 

—Cii—2^— I \ / r,s+l n — 2r — — Cio—r— l,s+2-i 



In the second equality above we used (jl.l5p . while the first identity was used once more in the third 
equality. The last equality holds since 72a,+a, = [a^j^r' P-l^P and [2]^ = [2]^-i. 

The last identity is proved similarly and we omit the details. □ 



Remark. The elements 70** were first considered in [20] for simply laced g and in [7] for g of classical 
type. We warn the reader that there is a couple of typos in [7] regarding 72q _i_q,^ (denoted by 7^5(9) 
there): one in its definition and the other in the identity corresponding to the third identity of the 
above lemma. 



2. Braid Group and ^-Lattices 

2.1. The ^-Lattices. Given a field F consider the multiplicative group of n-tuples of rational 
functions /x = {fj.i{u), ■ ■ ■ , n^{u)) with values in F such that /Xj(0) = 1 for all i £ I. We shall often 
think of Hi{u) as a formal power series in u with coefficients in F. Given a € F^ and i £ I, let uji^a be 
defined by 

Clearly, if F is algebraically closed, Vr is the free abelian group generated by these elements which are 
called fundamental £ -weights. It is also convenient to introduce elements uj\ a, A G P,a G F^, defined 

by 

(2.1) a;,,, = nKa)"^"^^. 

If F is algebraically closed, introduce the group homomorphism (weight map) wt : Vr — > P by setting 
wt(a;i^a) = uji, where uji is the i-th fundamental weight of q. Otherwise, let K be an algebraically 
closed extension of F and regard Vf as a subgroup of "Pk- Then, define the weight map on Vk as 
above and on Vv by restriction (this clearly does not depend on the choice of K). Define the ^-weight 
lattice of Uq{Q) to be Vg := 'Pc(ij)- The submonoid of Vq consisting of n-tuples of polynomials is 
called the set of dominant ^-weights of Uq{Q). 

Given A G P+ with Xi{u) = 11^(1 

— aiju), where Oij belong to some algebraic closure of C(g), let 
A" G P+ be defined by A,"('u) = YI.{1- a~ju). We wih also use the notation A"*" = A. Two elements 
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A, fx of are said to be relatively prime if Xi{u) is relatively prime to fJ-j{u) in C(g)[ii] for all i,j G /. 
Every f € Vg can be uniquely written in the form 

(2.2) V = Xfj,~^ with A, /I S relatively prime. 

Given = A/x~^ as above, define a C(g)-algebra homomorphism : Uq{i)) — > C{q) by setting 

(2.3) ^uik^) = ^t^i^.±rK = 

where the division is that of formal power series in u. 
The next proposition is easily checked. 

Proposition 2.1. The map * : "Pg — > {Uq{i)))* given hy u \—>- is injective. □ 

Let V be the subgroup of Vq generated by cji^a for alH G I and all a S (equivalently, V = Vc)- 
Set also = VCiV^ . From now on we will identify Vq with its image in iUq{i)))* under ^. Similarly, 
given S C^, V can be identified with a subset of U^{i))* by using the same expression for ^i/{Ai^±r) 
and 

*^(fc±i) = ^f-*(^)('^') and ([t ]) = H"/^''^^] . 

Observe also that every element X £Vq such that Xi{u) splits in C(g)[n] for alH G / can be uniquely 
decomposed as 

(2.4) A = JJ'^Aj.aj for some Xj G P and / aj. 

j 

For notational convenience, henceforth we set = V when ^ q. It will be convenient to introduce 
the following notation. Given i I,a £ C(^)^,r G Z>o, define 



r—l r—1 



(2.5) fi^a,r{u) = Y\_i'^ - O'Cl ^ "^^U) and CJj,a,r = „^r-l-2,-. 

i=o i=o 

Even though the dependence on ^ is missing in the notation above, this will not create a confusion. 
Suppose ^ has infinite order and observe that if f{u) G C(^)[u] splits in C(^)[u] and /(O) = 1, then 
there exist unique m G Z>o, ai, . . . , Om G C(^)^ , and ri, . . . ,rm G Z>i such that 

m 

(2.6) /(n) = J] /i,a„r,(n) with ^ / ^Mr,+r,-2p) ^ ^. g < ^ < min{rfc, r,}. 

k=l J 

In particular, given A G 'P^ such that Aj(u) splits in C(^)[ti] for all i £ I, there exist unique rrii G 
Z>o,ai,k £ C(^)^, and rj^jt G Z>i such that 

mi 

>' = YlTl^i,a,k,nk with 

is/ k=l 

(2.7) 

^ / ^±{r.,.+n,,-2p) ^ g ^ _^ ^- < p < min{ri,fe, r^,,}. 

The factorization (j2.6p is called the ^j-factorization of / and the factors fi^ak,rk called the .^j-factors 
of /. Two polynomials are said to be in ^j-general position if the set of .^j-factors of their product is 
the union of the corresponding sets of ^j-factors (counted with multiplicities). Let f,g£ C{q)[u] be 
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^i-factorizable with ^j-factors {/i,afe,rfe : k = 1, . . . ,mi} and {fi,bj,Sj : j = 1, • • • ,'^-2}, respectively. An 
ordered pair (/, g) is said to be in ^j-resonant order if 

(2.8) Ofc ^ ^-(r,+s,-2p) ^^^^^j ^j^^^^j o<p<rfc. 

We shall also define the notion of weak ^j-resonant order by asking that 

(2.9) ^ / ^-(rfc+s,-2p) < p < mm{rk,Sj}. 

Clearly, if (/,<?) is in ^j-resonant order it is in weak ^j-resonant order as well. Similarly, an ordered 
collection (/i, /2, • ' ' > fm) of polynomials is said to be in (weak) ^j-resonant order if {fj, fk) is in (weak) 
^j-resonant order for every j < k. One also defines the concept of general position for a finite collection 
of polynomials by requiring that they are pairwise in general position. 

Remark. If mi = m2 = 1, then either (/, g) or (g, /) is in ^j-resonant order. In general, both (/, g) and 
{g, /) may not be in weak ,^j-resonant order. Also, given a finite collection of polynomials /i, • • • , fm 
whose ^j-factorizations have only one ^j-factor, then they can be arranged to be in ^j-resonant order. 
The concept of resonant order was introduced in [8], but with different terminology. Namely, the 
polynomial g was said to be in general position with respect to / if (12. Sp is satisfied. The terminology 
"resonant" was used in [22]. Notice that / and g are in general position iff both {f,g) and {g,f) are 
in weak ^j-resonant order. 

Let (1)1 : C{q)[u\ — > C(g)[n] be the C(g)-algebra homomorphism such that (/>;(«) = uK We also denote 
by the induced group homomorphism Vq ^ Vq. Observe that, if a, 6 G C(g) are such that 6' = o, 
then 

i-i 

(2.10) (t)i{l- au) = 1- au^ = W{l-hCH) 

j=0 

and that every A G admits a unique decomposition of the form 

(2.11) X{u) = X'<pi{X") with A',A"gP+, 
where A' satisfies 



^ ^ V+ for all i G /, a G C\ 

1 — au'- 

Set Vl = {\eV+ ■.\ = A'}. 

Denote by be the subset of Vq consisting of n-tuples of polynomials with coefficients in A and Va 
the corresponding subgroup. Let V^'^ be the submonoid of consisting of n-tuples of polynomials 
with invertible leading coefficients and "P^ = {A G P^ : the roots of Aj(u) lie in A^ for all i G /} C 
P^^. We may also use the terminology A splits in A^ to mean A G P^. Notice that, if A G P^"*", 
then Xi{u) splits in A for all i G / iff A splits in A^ . 

Given / G A{u), let / be the element of C{u) obtained from / by evaluating q at a. given ^ G C^. 
Similarly, given A G Pa, let A be the element of P obtained from A by evaluating q at ^. 

For the remainder of the section we assume ^ = C- this case we have 



(2.12) 



fi,a,i{u) = 1 - a'u' for ah i G /, a G C 
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It is now easy to see that, for every i € I and f{u) S C[u] satisfying /(O) = 1, there exist unique 
mo, mi € Z>o,ai, . . . , 0^0, ^i, • • • , ^mi G C^, and ri, . . . , r^o, si, • • • , Smi G Z>o, such that 



(2.13) 



^A;=l / \fc=l 



— 7^ ^-^(^k+J] 2p) _^ < p < min{rfc,rj} and k 7^ j. 

In particular, given A e , there exist unique m, rrii, € Z>o, Cj^i, . . . , Ui^mi, bi, . . . ,bm G , Ai, . . . , € 
P+\{0}, and Tj^i, . . . , Ti^jji^ G Z>o such that 



-^=(1111 1 ( n ^l(^^k,bk) I with ri,fc < I, 

(2.14) 



Kiel k=l / \A:=1 



^ / ^±('-^fc+^^. 2p) _^ iel,k^j,0<p< min{r,,fc, j}. 

The factorization (j2.13p is cahed the (^j-factorization of /. The factors fi^a^,rk are called the quantum 
Cj-factors of / while the factors (1 — b^^vl'Y'' are called the Frobenius Ci-factors. We will refer to both 
kinds of factors simply by the Ci-factors of /. Two polynomials are said to be in ^j-general position 
if the Ci-factors of their product are the union of their Cj-factors (counted with multiplicities). Let 
/, £/ G C[u] have Ci-factors [fi^aknA'^-bjU^Y' : k = 1, . . . ,moJ = I, . . . ,mi} and {fi^^'j^y^d'^-bjU^Y^ : 
k = 1, . . . , mg, j = 1, . . . , m[}, respectively. We say that the pair (/, g) is in ^j-resonant order if 

(2.15) Ok _^ ^-(r^,+r'-2p) bky^b'j for ah k,j and all < p < r^. 

The concepts of general position and (weak) (^j-resonant order for a finite ordered collection of poly- 
nomials is defined in the obvious way. 

Remark. Suppose I = 3 and consider the polynomials fi{u) = 1 — u, f2{u) = 1 — (u, and fsiu) = 
1 — ('^u. It is easy to see that fi, f2, /s cannot be arranged in a weak (^-resonant order. 

2.2. Braid group action on the i'- weight lattices. The following proposition was proved in [6l[8]. 
Proposition 2.2. The following formulas define an action of B on Vq: 



{Tif^Yiu) = il^Mu))-' and mtJ.Yiu) = /i,(n) J] /^.(e''+''-'+'' 

fc=i 

In particular, wt(T^/i) = wwt^n) for all w £ W. Moreover, Tj/x G Vj^ for fi G Va- D 

By composing the above action with the evaluation map e^,.^ G C^, one gets an action of B on V. 
Hence, if G P, there is an ambiguity in the notation Tj/i. It will always be clear from the context if 
we mean the "g- action" or the "^-action" for some ^ G C^. 

Lemma 2.3. Suppose i G I and u; G W are such that £{siw) = l{w) + 1. Then, {Tw\)i{u) G C(^)[u] 
for every A G P^. 

Proof. It follows from [HI Proposition 3.2]. Alternatively, see the the proof of Corollarv 14.81 below. □ 
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Recall that wq defines a Dynkin diagram automorphism such that wq ■ i = j iS wqlOi = —loj for 
i,j € /. Given A E V^, denote by A* any of the three elements defined by the corresponding action 
of B given by the following expression 

(2.16) A* = {T^,X)-\ 

A straightforward but tedious computation working with a reduced expression for wq shows that 

(2.17) (A*),(n) = X^UC'^^'u) 

where /i^ is the dual Coxeter number of g and = max{cijCji : i,j £ I,i ^ j} is the lacing number 
of fl. 

Fix a reduced expression for u^o, say s,^ • • • Sij- A pair (A, fi) of dominant ^-weights is said to be in 
(weak) ^-resonant order (with respect to this reduced expression of wq) if 

(a) (Aj(M), /Xj(ti)) is in (weak) ^j-resonant order for every i G I, 

(b) ((7i^_i • • • Tij^X)i.{u), fii.{u)) is in (weak) (^j^. -resonant order for every j = 1, . . . , N. 

The concept of ^-resonant order for m-tuples of elements of is defined in the obvious way. 

Remark. If ^ is not a root of unity, condition (a) above follows from condition (b) (see the proof of 
[H Theorem 4.4]). 

Lemma 2.4. Let k € Z>i, ij € I, mj G Z>i, € C{q)^ for j = 1, . . . , k. Then: 

(a) If ^ ^ for j > m, then (ajj^^^^^m^, • • • ,uJi^^ak,mk) is in q'-resonant order. 

(b) There exists a e Sk (independent of h,--- ,ik) such that (a;ii,a<,(i),mi, • ' ' ,^ik,aa(k),mk) is in 
g-resonant order. 

Proof. Part (a) is proved by a direct computation (see p] §6]). Part (b) is easily established from part 
(a). □ 

Remark. Because of the closing remark of the previous subsection, there is no "sufficiently" general 
analogue of Lemma l2.4l (bl in the root of unity context. The lack of a root of unity analogue of part 
(a) of Lemma 12.41 and, consequently also of part (b), will imply the corresponding lack of a root of 
unity analogue of Corollarv 14.231 below. 

We now use the braid group action to define the ^-analogue of simple roots. These objects were 
defined originally in [26^ I25j (without using the braid group) and in [12]. Given a G C(^)^, define the 
simple £-root oci^a by 

The subgroup of generated by the simple £-roots OLi^a^i £ I,a & C(^)^, is called the ^-root lattice 
of U^{q) and will be denoted by Q^. Let also be the submonoid generated by the simple £-roots. 
Quite clearly wt(Q;i,a) = cti- Define a partial order on by 

/X < A if Xfx ^ £ Q+. 

One easily checks the following proposition (cf. |12[ §3.3]). 

Proposition 2.5. The action of the braid group on preserves Qj. □ 
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2.3. The group of elliptic characters. This subsection will be used only in ^4.61 Set 



(2.19) 



The elements of the group are called elliptic characters. The motivation for this name will be 
explained in the remark after Proposition 12.61 below. We denote by 7^ the canonical projection 



V 



Define subsets T^, of Z>o, k = 1,2, 3, as follows. 

{0,2,.-- ,2n}, r2 = T3 = 0, 
{0,4n-2}, T2 = r3 = 0, 
{0,2n + 2}, T2 = r3 = 0, 
{0,2,2n-2,2n}, T2 = T3 = 0, 
{0,8,16}, T2 = {0,2,4,12,14,16}, 
{0,18}, T2 = {0,2,12,14,24,26}, 



^3 = 



{0,30}, 
{0,18}, 
{0,12}, 



T2 
T2 



{0,20,40}, 
{0,12,24}, 
{0,8,16}, 



T3 

T3 = 



{0,12,24,36,48}, 



if is of type An, 
if is of type Bn, 
if is of type Cn, 
if is of type Dn, 
if is of type Eq, 
if is of type E^, 
if is of type Eg, 
if is of type -F4 , 
if is of type G2. 



Given k G {1,2,3} and a G C(C)'', define 

(2.20) Tg,fe,a = ^i.as-- 

if is not of type with n even and where {i} = I, (see Table 1). For of type D„ with n even 
define 

(2.21) and 

'T C,3,a = ^n-l,a<^n-l,a^2<^n,<2n-2a^„^„^2n. 

Remark. We warn the reader that there were a couple of typos in [12^ §A.2] in the definition of the 
sets corresponding to our T^. They have been corrected above. 

Proposition 2.6. Assume is not of type Dn with n even. Then, the group is isomorphic to the 
(additive) abelian group with generators {xa '■ a £ C!(^)^} and relations 

for all a € C(^)^ and k = 1,2, 3. If is of type Dn with n even, then F^ is isomorphic to the (additive) 
abelian group with generators {xt '■ ^ C!(^)^} and relations 

for ah a G C(0^. 

Proof. The proposition was proved in [T^ for = g and the proof is analogous for the other cases. 
The isomorphism is given by sending the image of Ui^a in F^ to the generator Xa for i & I, (in the case 
/, has two elements, the image of ujn-i,a is sent to x~ while the image of ctJ^.a is sent to xt)- ^ 
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Remark. Observe that the relations above imply Xa = Xa^2r'^h'^ for every a G C(^)^ (and similarly 
for Xa )• This is the motivation for the terminology elliptic characters. Namely, if ^ G is not a 
root of unity, the parametrizing set for the distinct generators of the form Xa is the elliptic curve 
(j~<xy^2r h z Pqj, ^ = 1^ the elliptic behavior degenerates and the elements of Fi are usually called 
spectral characters. Notice that Fi is isomorphic to the group of functions with finite support from 
to P/Q (cf. If 1^ = C) the elliptic curve parametrizing the distinct generators Xa depends 

on the greatest common divisor of 2r'^hy and the order I of For instance, let g = 5I2 so that I is 
relatively prime to 2r^/i^ = 4. One can check that we have Xa = Xaf™ for any w- € Z and, hence, the 
curve is C^/C^. Moreover, we also have 2xa = for every a € C^. In particular, F^ is a quotient of 
Fi in this case. On the other hand, if g = sla and Z = 3 = r^/i^, the curve remains the same as in the 
generic case. 

We record the following lemma proved "in between the lines" in [121 [22] for ^ of infinite order. For 
^ € {C, 1} the proof is analogous. Given i G I, let V^^i be the subgroup of generated by ijJi a with 
a € C(^)^ and V^^ = H V^^i- Similarly one defines V^j and 'P^j for any J C I. 

Lemma 2.7. If A, /i G 'P^i, are such that 7^ (A) = 7j(/^), then there exists a sequence o^i, . . . uJm G 
"^^7. such that Ui = A, tOm = A* and, for every j = 1, . . . , m — 1, 

= (r, . - 



for some kj £ {l,2,3},ej G {±1}, and aj G C(^)^. Moreover, if A, /x G P^, then Oj can be taken in 
for all j = 1, . . . , m - 1. □ 



3. The Irreducible and Highest- Weight Representations 



3.1. Weight Modules. We now review the finite-dimensional representation theory of U^{q). We 
include the sketch of some of the proofs which we believe to be relevant for the development of the 
paper. The omitted details on the material of this subsection can be found in [21 [T5l [38l I40j . 

Let y be a f^(g)-module. Given /i G P define 



(3.1) 



V„ 



V G y : kjV 



Cf^'^'^z; and [' 



I 



If ^ has infinite order, the second condition in the definition of is redundant. The space is said 
to be the weight space of V of weight n and the nonzero vectors of /j, are called weight vectors of 
weight /X. The module V is said to be a weight module (of type 1) if 



V 



fie P 



It is well-known that every finite-dimensional C/^(g)-module is isomorphic to the tensor product of a 
weight module of type 1 with a one-dimensional representation. We shall only consider representations 
of type 1 with finite-dimensional weight spaces and will refer to them simply as weight modules. The 
abelian tensor category of finite-dimensional C/g(g)-weight modules will be denoted by C^. 

Remark. Let y be a C/^(g)-weight module and note that fe- acts as the identity operator on V for all 
i G /, and that Cf G {(• ■ j = 0, 1, -,1 - 1} for every i G / and /i G P. Also, if v e V,, and c G Z, 



then [ 
then C 



hi :c 



lj.{hi) 



fi(hi)+c 
I 



Cr° and 



Furthermore, if /i(/ij) = rriQ + Imi for some mo, mi G Z, < mo < Z — 1, 



rn-i by Lemma ll. 81 
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Observe that the commutation relations (jl.7p imply that 

(3.2) {xt)^''\^V^±ka, for all G Z>o, /x S P. 

Definition 3.1. A f/^(g)-module V is said to be integrable if, given v £ V and i I, there exists 
m € Z>o such that (x~)^^^v = for all k > m. 

Quite clearly, every finite-dimensional C/^(0)-module is integrable. 

If y is a weight module, define the character of V to be the element char(y) of the integral group 
ring given by 

(3.3) char(y) = ^ dim(V;,)e''. 

Here, e^, ^ S P, denote the basis elements of so that e^e'' = e^'^'^ . The action of W on P can be 
naturally extended to an action of W on Z[P]. 

Proposition 3.2. Suppose V is an integrable ?7^(g)-module. Then, char(l/) is W-invariant. 
Proof. Since V is integrable, the formula 

a,b,c,—a+b—c=ij,{hi) 

defines a linear operator on V. Quite clearly Ti{V^) C V^.^ for every fj. £ P. Proceeding as in [301 
Chapter 5] one proves that Tj is a linear automorphism of y. □ 

If f G y is a weight vector such that U^{n~^)^v = 0, then v is called a highest-weight vector. If V 
is generated by a highest-weight vector of weight A, then V is said to be a highest-weight module of 
highest weight A. The concept of lowest-weight module is defined similarly by replacing U^{n'^)^ with 
U^{n^)^ . If ^ is not a root of unity, the condition U^{n'^)^v = is equivalent to xfv = for all i £ I. 
If ^ = C, the condition U^{n'^)^v = is equivalent to xfv = {xf)^^^v = for alH G / (cf. Lemma [1.9p . 
The next proposition is standard. 

Proposition 3.3. Let y be a highest-weight module. Then, V has a unique maximal proper sub- 
module and, hence, a unique irreducible quotient. In particular, V is indecomposable. □ 

Definition 3.4. Given A € P^, let Wg(A) be the universal C/g(0)-module with respect to the following 
property: Wg(A) is generated by a highest-weight vector v of weight A satisfying {x~)^"^^v = for all 
i £ I and m > X{hi). The module W^{\) is called the Weyl module of highest weight A. The unique 
irreducible quotient of W^(A) is denoted by ^^(A). 

Remark. If ^ is not a root of unity, the condition {x~)^"^^v = for all i G / and m > X{hi) is 
equivalent to {x~)^^'^^^~^^v = 0. 

Theorem 3.5. For every A G P"*", W^{X) is an integrable [/^(g)-module. Furthermore, it is the 
universal finite-dimensional highest- weight C/^(0)-module of highest weight A. 

Proof. Quite clearly the weight spaces of Wg(A) are finite-dimensional and integrability follows easily 
from the quantum Serre's relations and the condition {x~)^'^')v = for all i G / and m > A(/ij). Then, 
by Proposition [321 the set of weights of W^{\) is invariant under the Weyl group action. In particular, 
W^(A)^ 7^ only if /i G P(A) (cf. Lemma ll.ip which implies that W^(A) is finite-dimensional. 

On the other hand, let y be a finite-dimensional highest-weight ?7^(g)-module of highest weight A. 
Then, again, V"^ 7^ only if G P(A) by Proposition 13.21 But this implies V\^2kai = i( k > \{hi). 
Hence, y is a quotient of Wg(A). □ 
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It is quite easy to see that any finite-dimensional irreducible f7^(0)-module (of type 1) is highest- 
weight. Moreover, since every element of P is conjugate to a dominant weight, it follows from Propo- 
sition [3]2] that the highest weight must be in . This proves: 

Corollary 3.6. Every simple object from is isomorphic to V^{\) for some A E P"*". □ 

The proof of the next theorem is standard. 

Theorem 3.7. The irreducible constituents of V (z (counted with multiplicities) are completely 
determined by cha.i{V). □ 

The following result is now immediate from Lemma 1 1.11 and the definition of dual representation. 
Corollary 3.8. For every A € P^, V^(A) is a lowest- weight module of lowest weight wqX. In particular, 

v^ixy ^ v^{-woX). □ 

We also record the following theorem. 
Theorem 3.9. For every A G P~^ , char(W^(A)) is given by the Weyl character formula. In particular, 

w^iX)f,^om fiep{x). □ 

Remark. Due to Corollarv 11.51 the above results for Ui{q) recover the basic results on the finite- 
dimensional representation theory of g. We shall use the notation V{X) for the g-module corresponding 
to Vi{X). 

Theorem 3.10. Suppose ^ is not a root of unity and let V be an object from C^. Then, V is completely 
reducible. In particular, V^(A) = VF^(A) for every A € P~^. □ 

If ^ = Theorem 13.101 is false and the category C,^ is not semisimple. For a brief overview of the 
character theory in this case, see [15\ §11.2]. 

Let P+ = {A G P+ : X{hi) < I for all i G /}. 
Proposition 3.11. If A G Pj^ , then F^(A) is irreducible as a C/^'^(g)-module. □ 

3.2. ^-Weight Modules. This section is based on [15[ \W\ [25] and we refer to these papers for the 
omitted details. 

Let y be a C/^(0)-module. A nonzero vector v E. V is said to be an weight vector if there exists 
A G and k G Z>o such that {rj — '^^{r]))'^v = for all rj G U^{f)). In that case, A is said to be 
the ^-weight of v. Let denote the subspace spanned by all ^-weight vectors of ^-weight A. V is 

said to be an £- weight module if V = Vn- Denote by Cf the category of all finite-dimensional 

C/^(g)-^- weight modules. Quite clearly is an abelian category. Observe that if V is an weight 
module, then V is also a C/5(g)-weight module and 

(3.4) Vx= Vx- 

A : wt(A) = A 

The following proposition was proved in p6t [25]. 

Proposition 3.12. Let ^ G C'\{g}. If F is a finite-dimensional ?7^(g)-module which is a [/^(g)-weight- 
module, then V is an ^-weight module. □ 

Remark. Note that not every finite-dimensional C/q(g)-module lying in Cq is an weight module since 
C{q) is not algebraically closed. Instead, they are quasi-£-weight modules in a sense similar to that 
developed in [32j for hyper loop algebras. We shall not need this concept here. 
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An ^-weight vector v of weight A is said to be a highest-^- weight vector if r/u = ^ y^{r])v for every 

T] G U^ii)) and U^{r&f'v = 0. A module V is said to be a highest-£-weight module if it is generated 
by a highest-^- weight vector. The notion of a lowest-^- weight module is defined similarly. If 1/ is a 
highest-£-weight module of highest ^-weight A, then (II. 7p implies 

(3.5) dim(y^^(;^)) = 1 and / only if ^ < wt(A). 

The next proposition is easily established using (j3.5p . 

Proposition 3.13. If 1/ is a highest-^- weight module, then it has a unique proper submodule and, 
hence, a unique irreducible quotient. In particular, V is indecomposable. □ 

Proposition 3.14. Let y be a finite-dimensional highest-£-weight module of U^{q) of highest ^-weight 
A € P^, V a highest-£-weight vector of V ^ and A = wt(A). Then, A £ and (x~^)('")f = for all 
i ^ I,r eZ^m eZyXih,)- Q 

Definition 3.15. Let A e and A = wt(A). The Weyl module W^(A) of highest ^-weight A is 
the universal [/g(g)-module with respect to the following property: W^{X) is generated by a highest- 
^-weight vector v of ^-weight A satisfying {x~.^)^'^'^v = for all m > \{hi). Denote by V^(A) the 
irreducible quotient of W(^{\). 

Theorem 3.16. For every A € P^, the module W(^{\) is finite-dimensional. In particular, W^{X) is 
the universal finite-dimensional highest-^- weight C/g(0)-module of highest £- weight A. 

Proof. The latter statement is clear from the former and Proposition 13.141 

For ^ = 1 the theorem was proved in [20^ §2]. For the remaining generic it was proved in [20^ §4] for 
simply laced g, while for g with lacing number = 2 it follows from the proof of [7i Proposition 2.2]. 
The proof for ^ = C < 2 is similar. The case g of type G2 seems not to have been considered 

in the literature for ^ 7^ 1 (however, see [5] for the connection with the so-called extremal weight 
modules). Below we review the main parts of the proof in general and provide the extra technical 
details for type G2. In between the lines, we make minor corrections to the argument used in [7J. 

Set V = W^{X) and A = wt(A) and let f be a highest-^- weight vector of V . Proceeding as in the 
previous subsection, one easily proves that V is an integrable C/^(g)-module and, hence, has finitely 
many weight spaces. It remains to show that all weight spaces are finite-dimensional. The proof is 
similar to that of [20| Proposition 4.4]. Namely, we show by induction on the height of S that 
there exists N{rf) € Z>0 such that y\_^ is spanned by elements of the form (a;~ ^j)^^^-* • • • 
with 'Ylij kjOi- = r] and \sj\ < N{r]) for all j = 1, . . . ,m. Clearly such vectors without the restriction 
on Sj span Vx-jj. Moreover, by Lemma 11.91 we can assume kj S {1,^}- 

The proof of this in the case rj = kui for some i € / and some k € Z>o is similar to that given in 
Proposition 4.4] or rather to that given in [31|. Theorem 3.11] (in the context of hyper loop algebras) 
and we omit the details. In particular, this shows the induction on the height of r/ starts. We remark 
that the proof of this particular case makes use of Lemma [1.71 In |20[ Proposition 4.4] only the special 
cases of the lemma mentioned in our proof above was used alongside multiplication by elements hi^g 
to shift the parameter s. In the root of unity case this multiplication has to be replaced by the more 
general version of Lemma 11.71 as stated here because hi^g may be zero (see Lemma ll.lOp . 

Now suppose the height of rj is larger that 1 and consider a vector of the form (a;^ g^)'-'^^-' • • • 
(x^ ^^)*^^™)f with A;i > and X]j>i > 0- -^y induction hypothesis we can assume that 
< N{r] — ctjj) for j > 1. We will show that all such vectors are in the span of vectors as above 
with \sj\ < max{A^(?7 — Oj) : i G /} + := N{rj). If ii = 12 this easily follows from [20, Lemma 4.3]. 

For ii 7^ i2 we perform a sub-induction on N{ri) — \si\. Assume g is of type G2 and Cjj^jj = ~3 (the 
other cases are similar and simpler) . Fix the order {ai^ ^Ui-^+Ui^, 3ai ^ + 2a.j2 , 2aj^ + , 3aj^ + , } 
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on i?"*" and suppose that si > N(r]). Then, by Theorem 11.161 (jl.l4p . and Lemma |1.19^ there exist 
f,g:Z^-^C{f,g:Z^^AifC = q) such that 

p,r,s,t>0 

y, (Si,S2 ){s)( SUS2 \(t)(^- \{ki~p~3r-2s-3t) 

(3.6) = 9(p,r,.,t)(x-,,j('=-^-^'-^-*)(7:^;^;:f^)(^)x 

p,r,s,t>0 

Notice that, since I ^ 3 and fci, ^2 ^ ^ we have r < / above and, hence, [3]^^ and ([r]^.!)^"^ are indeed 
in C(^). This imphes 

One now easily uses the induction hypotheses to complete the proof in this case. The case si < —N{r]) 
is dealt with similarly. Namely, one first uses Corollarv 11.161 to write 

p,r,s,t>0 

^ (::::suS2 \(s)(~si,S2 \it)(^- \(fci-p-3r-2s-3t) 

for some function / as before and then uses (|1.14|) and Lemma 11.191 as before (this time Lemma 11.191 
will cause si to raise). □ 

Corollary 3.17. If ^ € C'\{g}, every simple object V & is isomorphic to V^(A) for some A G . 

Proof. Since V is finite-dimensional and irreducible, it must be generated by one of its weight spaces 
corresponding to a maximal weight. Since C/^(f)) is commutative, the irreducibility of V implies that 
this weight space is one-dimensional and, therefore, ^ is a highest ^-weight module. The corollary 
now follows immediately from Proposition 13.141 and Theorem 13.161 □ 

Remark. Note that not every irreducible finite-dimensional C/g(0)-module is highest weight since 
C{q) is not algebraically closed. The classification of the irreducible finite-dimensional C/q(g)-modules 
can be obtained using Galois theory similarly to what was done in [32| for the hyper loop algebras 
since the subalgebra of f/A(f)) generated by Ai^r,r G Z>0) is a polynomial algebra over A in these 
elements. 

We shall need the following result about dual representations which was proved in [241 125j for ^ 7^ 1. 
For ^ = 1 it follows easily from Theorem 14.101 below. 

Proposition 3.18. For every A € , V^(A) is a lowest-£-weight module with lowest ^-weight (A*)~^. 
In particular, ^^(A)* ^ ^^(A*). □ 

Remark. Due to Corollary 11.51 the above results for Ui{q) recover the basic results on the finite- 
dimensional representation theory of g. We may use the notation V{X) and VF(A) for the g-modules 
corresponding to Vi(A) and W"i(A), respectively. 

We end this subsection recording the following analogue of Proposition 13.111 
Proposition 3.19. If A € P^^, then V((A) is irreducible C/J'^(0)-module. □ 
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3.3. The ^-characters. Let 'L\P^ be the integral group ring over V^. li V is an ^-weight module, 
the ^-character of V is defined to be the following element of ^[■p^]: 

(3.7) char^y) = ^ dim(Vyt)/2. 

The valuation map eg induces a ring homomorphism 1i\Pq\ — > 'L\P] also denoted by eg. 

Remark. The ^-characters were originally defined in |26^ [25] where they were called g-characters and 
(^-characters, respectively. To keep a more uniform terminology, we prefer to call them ^-characters 
as in [12] which stresses the fact that they are generating functions for the dimensions of the ^-weight 
spaces. 

We consider the following partial order on Z['Pg]. Given r] € Z['Pg], write r] = Yl^eV^^ vilAl^- Then, 

rj < 7]' iff vit^) ^ v'it^) foi' all M ^ 'P^- 

We shall say rj is an upper (respectively lower) bound for chai£{V) provided char£(y) < rj (respectively 
r] < char^(y)). 

The proof of the following theorem is analogous to that of Theorem 13.71 

Theorem 3.20. Let V € Cg. The irreducible constituents (counted with multiplicities) of V are 
completely determined by char£(y). □ 

It turns out that the ^-characters of objects from Cg are not invariant with respect to the braid 
group action on in general. In fact, the theory of ^-characters is much more intricate than that 
of characters and it is not yet completely understood unless = 1. Even the following basic theorem 
proved in |24> .25] (for ^ 7^ 1) is not simple to be proved (see also |12j for a different approach when g 
is of classical type). For ^ = 1 this theorem follows easily from Theorem 14.101 below (see also [11]). 

Theorem 3.21. Let y be a finite-dimensional highest-£-weight module of highest ^-weight A G . 
If Aj(u) splits in C(^)[n] for every i £ I, then V is an £- weight module and Vjj, 7^ only if /i < 
A. More precisely, if A = Y\jLi^Xj,aj some Xj G and aj G C(^)^ and if V^j, ^ 0, then 

M = ^ (YYk=i^ik aj x''''^ some ik € I,jk S {l,...,m}, and < < r'^h}'. In particular, 

M = nr=i ^ v for some i'^ G /, G {1, • • • , m}, and < 6^ < r^/i^. □ 

Remark. If Aj(n) does not split for some i G I (in particular ^ = q), V is not an weight module, 
but rather a quasi-^-weight module, as mentioned previously. An analogue of the above theorem in 
this case can be established by following the ideas of [32]. Observe that it follows that Wq{\) G Cq iff 
the roots of Aj(n) (if any) are in C{q) for all i G I. 

One easily sees from Proposition 11.6( d) that 

(3.8) char£(F ®W) = char^(y)char^(W^) 
for every V^VF G Cg. In particular, this and Theorem 13.201 implv: 

Corollary 3.22. Let Vi, . . . , Vm G Cg and a G Sm- The irreducible constituents of V"o-(i) ® ■ ■ ■ ® ya{m) 
(counted with multiplicities) do not depend on a. □ 

Remark. While Cg is a braided tensor category for any value of ^, Cg is not braided when i ^ 1. 
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4. Specializations, Highest-^- Weight Tensor Products, and Applications 

4.1. Specialization of modules. In this subsection, let ^ E C'\{q}. Recall that an A-lattice of a 
C(g)-vector space V is the A-span of a basis of V. If F is a C/g(0)-module (resp. C/g(0)-module) and L 
is an A-lattice of V, we will say that L is a C/A(g)-admissible lattice (resp. ?7A(0)-admissible lattice) 
if it is a ?74(g)-submodule (resp. C/4(0)-submodule) of V. Given a [/4(0)-admissible lattice (resp. 
-admissible lattice) of a module V, define 



(4.1) L = L(g)A C^. 

Then Z is a C/^(g)-module (resp. ?7^(£|)-module) and dimc(Z) = dimc(g)(y). Given v £ L, we shall 
denote an element of the form v ^ 1 & L simply by v. The proof of the following proposition can be 
found in [36^ Proposition 4.2]. 

Proposition 4.1. 

(a) Let V £ Cq and L be a {7A(f))-submodule of V. Then, L = L n V^. In particular, if L is a 

fie P 

f7A(0)-admissible lattice of V, then char(L) = char(F). 

(b) Let A G V a highest-weight vector of V^(A), and L = Ua{9)v. Then, L is a ?7A(0)-admissible 
lattice of y. □ 

Corollary 4.2. Let L be as in Proposition O^b). Then, L ^ ^^^(A). 

Proof. Quite clearly Z is a highest-weight [/^(0)-module and, hence, a quotient of W^{X). The isomor- 
phism now follows from Proposition 14.11 and Theorems 13.91 and 13.101 □ 

Recall the definitions of V^'^ and "P^ given in ^2.11 Recall also that, for /x e Va, V- denotes the 
element of V obtained from by applying the evaluation map e^. 

Theorem 4.3. Let ^ be a C/q(0)-highest-£- weight module with highest-^- weight A € 'P^'^, v a highest- 
^-weight vector of and L = UAiQ)v. Then, L is a L'A(0)-admissible lattice of V,L is a quotient of 
W^(A), and char(L) = char(y). 

Proof. This is essentially a corollary of the proof of Theorem 13.161 (with ^ = (/) as observed in |20j . 
However, the case of type G2 is reasonably more subtle and it seems that it has not been considered 
before. Namely, L is clearly invariant under the action of U^id) and we shall see that it follows from 
the proof of Theorem 13.161 that L is finitely generated over A. Assuming this, since A is a principal 
ideal domain and L is obviously torsion free, it follows that L is a free A-module. Moreover, since 
C(g) is the fraction field of A, an A-basis of L is linearly independent over C{q) showing that the 
rank of L is less than or equal to the dimension of V. On the other hand, it follows from the proof 
of Theorem 13.161 again that L contains a C(g)-basis of V. The first statement follows immediately, 
while the second follows after observing that L is a highest-£-weight module of highest ^-weight A. 
The third statement is immediate from the first together with Proposition 14. iT a). 

If is not of type G2, proceeding as in the proof of Theorem 13. 161 it immediately follows that L is 
generated over A by finitely many elements of the form (a;~ ^i)'''^^'' ' ' ' i-^Zn r™,)^^"*^^ with (ij, Sj, kj) € 
/ X Z X Z>o. If is of type G2, let us take a closer look at (|3.6|) (and its analogue for si < which 
we shall not write down): 

K,s.)^'''>K,s,)^'''> = E 5(p,r,.,t)(xr^,j('^-^-2^— *)(7:^;_^;:f ^)(^)x 

p,r,s,t>0 

m X ([3]-^[7:^;^;:f \72rAtr]'')^^^^ 

w /~si-l,S2+2x(s)/~si-l,S2+3N(t)/ - .(ki-p-3r-2s-3t) 
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Applying Lemma 11.191 we also get 

p,r,s,t>0 

for some : ^ A. Observe that if {ki, ^2) is not of the form {3k, 2k), then r < ki/3 in (j4.2p and the 
induction hypotheses of the proof of Theorem 13.161 apply and imply that the element (x~ ^i)^^^^ ' ' ' 
{x~^ sm)*''^'"'*^ belongs to the A-span of similar elements with \sj\ < N{rj) where r/ = kjUi.. Thus, 
assume (A;i,/c2) = {3k,2k). By multiplying dSS]) by {[3]qf[k]q\ and using the induction hypotheses 
on the height of rj and on si as before, one easily sees that the elements ([3]g)'^[A;]g!(x~ ^i)^'^^^ 
{xj o belong to the A-span of elements of the form (x7 1)'^^'^^ ■ ■ ■ (x~ , ^'^^'"^w with s'- < A^fn). 

Let L' be the A-span of the elements ^J'-'^^-' • • • {x^^^ '^i*'^ (^1,^2) 7^ {3k, 2k) and of 

the elements ([3]g)''[A;]g!(x~ ^J^'^^^ • • • {x~^ "^i*^ (^1)^2) = {3k, 2k) for some > 1. It follows 

that L' is contained in the A-span of elements of the form {xT, , • • • {xj, , )'y^'m.)v with s'- < N{r]). 

Hence, L' is a finitely generated A-submodule of V . On the other hand, it is clear that V spans V 
over C{q) and, hence, we conclude that L' is an A-lattice of V as before. 

Let H = max{height(r?) : r/ G Q+, 'KvtcA)-,, ^ 0}. Clearly (x^ ^jC^i) . . . / only 

if ki < H. Given k,s £ Z>o,fc < H, let L^^s be the A-module generated by L' and the elements 
(•^ii si)^'^^^ ■ ■ ■ (■^im sm)*''^'"''^ with {ki,k2) = {3k' ,2k') for some /c' < A;, si = s' for some s' < s and 
such = A;jaj^. satisfies V^t(_\)„^ 7^ 0. Clearly L = yJk,sI-'k,s ^-nd L' C L. On the other hand, 
{{[^]qfW)Lk,s ^ by daSD and, hence, ([3]g)^[i/]g!L C L' . Since L' is free of finite rank, it follows 
that {{\^]q)^[H]q\)L is free of finite rank. Finally, {{[3\q)^[H]q^?jL is clearly isomorphic to L as an 
A-module and it follows that L is a finitely generated A-module containing a basis of V . □ 

From now on, given a highest-£-weight module V as in the above proposition, we will denote by V 
the [/g(0)-module L as constructed there. 

Proposition 4.4. Let L be a C/A(0)-admissible lattice oiV^Cq. Then, char^(L) = eg(char£(y)). 

Proof. Let B = {vi, . . . ,Vm} be an A-basis of L and, hence, also a C(g)-basis of V. Given i £ I and 
r G Z, let Ai^r be the matrix of the action of Ai^r on V with respect to B. Then, the entries ag^t of Ai^r 
are in A and the characteristic polynomial p{u) of the action of Aj^,. on V is p{u) = det(tild — Ai^r) G 
A[u\. It follows that the entries of the matrix of the action of A,_r on L with respect to the basis B 
are e^{as^t) and, hence, the characteristic polynomial is p{u). The proposition follows. □ 

Remark. A version of Proposition 14.41 was stated in [251 Theorem 3.2] for V irreducible and L as in 
Theorem 14.31 However, the statement of [251 Theorem 3.2] is missing the hypothesis A G Vp^. This 
hypothesis is necessary since otherwise V ^ Cq and hence V 3 ^Vn. In Example 14.341 below we shall 

see that the "loop" analogue of the first statement of Proposition 14. If a) does not hold. Namely, if L 
is an C/4(s)-admissible lattice of F G Cg, it may not be true that L = L n Vu even if 1/ is a 

highest-^- weight module with highest ^-weight A G ^ is as in Theorem 14.31 

Given V £ C^, set 
(4.3) wte{V) = {fj,£V^:V^^ 0}. 



Corollary 4.5. Let A G and suppose e^{wte{Vq{\))) nVj = {A}. Then, Vq{X) ^ ^^(A). 
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Proof. Since ^^(A) is a quotient of Vq{X), it suffices to show that the latter is irreducible. If this were 
not the case, Vq{X) would have to contain an irreducible submodule and, hence, e^(wt^(V^(A))) would 
have to contain an element of other than A. □ 



Remark. Notice that Theorem 13.211 implies that, if wtf(V^(A)) OVg = {A} and either ^ is not a root 
of unity or ^ = C and I > 2r^/i^, then the hypothesis of the above corollary is satisfied. 

Let g = 5I2, / = {i}, f be a highest-weight vector of V^(A),A S P~^, and L = Ua{9)v. Then it is 
easy to see that 

(4.4) {{x-)^'''>v :0 <k < X{hi)} is an A-basis of L and {x+)^^^^^'^\x~)^^^^^^^v = v. 

In particular, the image of this set in L is a C-basis of L. Now let g be general again, v and L be as 
in Theorem 14.31 ^-nd A = wt(A). Fix a reduced expression Sij^ ■ ■ ■ Si^ for w € W, and consider 

(4.5) nij = {si^_-^ ■ ■ ■ Sij^X){hi^). 

Proceeding inductively on j, it follows from Lemma ll.lf b) and ()4.4p that mj € Z>o, 

(4.6) «)(-!) • . . (x+)(™^)(x-)(-^) . • • (xr)(-i)^; = V, 
and {(xr)K) . . . (2;r)(™i)u} is an A-basis of L n ■s,^A- Set 



(4.7) = {x-J^-^ ■ ■ ■ {xr)(-^^^ 

Proposition 4.6. Let VjVjW, X, X,mj be as above. Then, Vj^ \ = VwX = Cvm. 

Proof. It remains to show that Vw €Vrp ^. This was done in [HI Proposition 4.1]. □ 

Corollary 4.7. Let y be a finite-dimensional highest-^- weight C/j(3)-module of highest £- weight A € 
Vl Then, V^^^ = V^^,^^^ for all w G W. 

Proof. For ^ = q this is Proposition 14.61 again. Otherwise, since C P^, the result is immediate 
from Propositions 14.61 and 14.41 □ 

Corollary 4.8. Let ^ € C and A € be such that Xi{u) splits in C(g)[u] for alH € / and suppose 
that io e I and u; G W are such that i{sigw) = i{w) + 1. Then, T^A < A and (r^A)i(,('u) G C(^)['u,] 
splits. Moreover, the roots of T„,AjQ(u) form a subset of UfcCfc^^ where runs through the set of roots 
of Xi{u),i S /. 



V. 



Proof. The proof goes inductively on £{w). If i{w) = there is nothing to be done. Otherwise, let 
j £ I and w' £ W he such that w = Sjw' and l{w') = £{w) — 1. By the induction hypothesis, T^' A < A. 
In particular, by the very definition of cti^a, Ty^iX = ^lu^^ for unique relatively prime n,u £ such 
that ^^{u),Ui{u) split in C(^)[m] for all i G I. Also by the induction hypothesis, {T^iX)j{u) G C(^)[u], 
i.e., fjiu) = 1 and the roots of /J-jiu) lie in the set Uj^ak^^. 

Let V = V^(A) and Vw be defined as in (j4.7p . It follows from Lemma [TTlT b) that U^{n'j)^Vw' = 
and, hence, that f/^(0j)f«,' is finite-dimensional C/g(0j)-highest-^- weight module of highest-£-weight 
{T^iX)j{u). It now follows from Theorem 13.211 that T^X < T^iX. Moreover, by Lemma ll.lf b) again, 

U^{nf^)^Vu, = and U^{QiQ)Vw is a finite-dimensional C/g(0jQ)-highest-£- weight module of highest-£- 
weight (T^AjQ)(ii). In particular, (T^A)jo(M) is polynomial which splits in C(^)[m]. Using Theorem 
13.211 once more the last statement follows. □ 
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Remark. For ^ of infinite order, the above corollary was first stated in [12J. As observed in [9j, the 
proof of ^12j was incomplete. The approach we used above is a representation theoretic alternative 
to the one presented in [9l §2.10] which relies instead purely on the Weyl group action on P and the 
braid group action on V^. 

Conjecture 4.9. Let X e V'^ and V = Wq{X). Then, V ^ ^^(A). 

Conjecture 14.91 is the natural affine analogue of Corollary 14.21 In the case ^ = 1, it was originally 
conjectured in [20] and proved in [10] for q of type A and in [23j for simply laced q. Moreover, it was 
pointed out by Nakajima that the results of [Ml [Ml HI] can be used to prove the conjecture in the 
case ^ = 1. We shall leave the discussion about the general case of the above conjecture to the future. 
We only mention that in the case ^ = 1 the proof can be reduced to the case A = uJx^a 

with A G P+ 

and a G C^. This follows from the second statement of part (b) of Theorem 14.101 below. If = 
however, it is unclear to us at this moment if such a reduction is possible. 

4.2. Evaluation modules. Given a g-module V, let V{a) be the g-module obtained by pulling-back 
the evaluation map ev^ : 5 ^ g,a G C^. Such modules are called evaluation modules, li V = V{\) 
we use the notation ^(A, a) for the corresponding evaluation module. The next theorem can be found 
in 

Theorem 4.10. Let A G . 

(a) If A = ujx,a for some A G P+ and some a G , then V{X) = V{X, a). 

(b) If A = Ylj^j^Xj,aj with Xj G and Ui ^ aj when i ^ j, then V{X) = (^V{Xj,aj) and 

j 

In the remainder of this subsection we assume q = sln+i and ^ G C'\{g}. Consider the C((7)-algebra 
?7^(g) given by generators xf, k^^ with i €^ I , fi G P, and the following defining relations: 

k k^^ — k^^k — 1 k k — k . 

l-Cij 

^ {-l)\xtY'~'^^-'^xf{xt)^'^ = 0, if i / j, 

k=0 

There is an obvious monomorphism of algebras Uq{g) Uq{Q) such that ki 1-^ kai- A representation 
V of C/g(g) is said to be of type 1 if the generators k^, u G P, act diagonally with eigenvalues of the 
form q^'^'f^^ for some jjL ^ P where (•, •) is the bilinear form such that (aj,aj) = Cij. It is not difficult 
to see that restriction establishes an equivalence of categories from that of type 1 finite-dimensional 
C/g(g)-modules to Cq. From now on we shall identify these two categories using this equivalence. One 
can construct the algebras U'^J^q) and U'^{q) similarly as C/a(0) and U^{q). The next proposition was 
proved in [331 §2] and [IH Proposition 3.4]. 

Theorem 4.11. Suppose g is of type An- There exists an algebra homomorphism ev : Uq{Q) — > ?7g(g) 
such that, if A G P^ and V is the pull-back of V^(A) by ev, then there exists m(A) G Z such that V is 
isomorphic to V^(A) where 

A = n^*a.A(M With ai=(?"^(^) and ^ = q^(h,)+^(h,+,)+i fo^ ^ < ^. 
Moreover, the image of Ua{q) by ev is contained in U'^{q). □ 
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Given a G C(g)^, let 

(4.8) eva = evo 

where Qa is defined in Proposition 11.21 Denote by Vg{X,a) the pull-back of Vg{X) by the evaluation 
map eV(j. It is easy to see that Vg{X,a) = Vg{X) where 

(4.9) X = llu;ia,x{h,) with ai = ag"^(^) and ^ = q^ih^)+Kh^+l)+l fo^ i < n. 

iei ' " " 

It turns out that, for g not of type A, there is no analogue of Theorem 14.111 In fact, it is known 
(see [7] for instance) that there exists i € / and m € Z>o such that the action of Ug{Q) on Vg{muJi) 
cannot be extended to one of Uq{g). 

Given a G and A G P~^, let fi = —wqX and b = aq^^^^ = aq^'''^^^ . Then, it is not difficult to 
see that V^(^, 6)* is isomorphic to V^(A) where A is such that 

(4.10) \ = \{^i,a,xhr) with a„ = ag"^('^) and ^ = for 



i&I 



I < n. 



Denote also by ev the induced map ev : U^{q) — > U^{q). Similarly, given a G C^, one defines the 
evaluation map ev^ : U^{q) — U'^{q). Denote by V^(A, a) the pull-back of V^(A) by ev^ and, similarly, 
let W^{X,a) be the pull-back of W^{X). 



Proposition 4.12. Let A G and a G C^. Then V^{X,a) is the irreducible quotient of Vq{X,a). In 
particular, V^{X,a) = V^{\) where A is as in (14. 9p . 



Proof. Let v and L be as in Theorem 14.31 It follows that L = U^{q)v and, therefore, the irreducible 
quotient of Vg{X,a) is isomorphic to V^(A) as a [/^(g)-module. The result now follows easily. □ 

The following Proposition was proved in [T, TF] for ^ 7^ 1 (for = 1 the result follows from Theorem 

KM- 

Proposition 4.13. Let ^ G C\{q}, A G and A = wt(A). Then, ^^(A) ^ ^^(A) as [/5(0)-module 
iff A is as in or (|ITTU|) with ^ in place of q. □ 

We now give explicit formulas for the action of the elements of U^{q) on evaluation modules in 
the case g = 5l2- In this case one can normalize ev so that m(A) = for all A G P"*" and, hence, 
Vq{X,a) = Vq{oJi^a,x{hi)) whcrc I = {i}. Given A G P~^, let Vq be a highest-weight vector of Wg(A) 
and set = {x~Y''^v^_.^, for < A; < X{hi). Then, {vj^ : < k < X{hi)} is a basis of W^{X). For 
convenience, set v^i = — 0- T^i^^ next lemma was proved in |141 §4.2]. 

Lemma 4.14. The following holds in W^{X,a): 

= {ae'^'^^'''+'Y[m -k + l]^ vti, x-y, = {ae^^^)-^'r[k + 1]^ 

and 

V's%' = (e-r')K'^''^r[A(/..)k ^o, 



for every r, s G Z, s > 0. 



□ 
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4.3. The Frobenius homomorphism. Recall the Frobenius homomorphism defined in [iQ| (see also 

ESI). 



Theorem 4.15. There exists a Hopf algebra homomorphism Fr^ : f/^(g) — > U{q) such that 

Fr^ih) = 1, Frc((x± = (^T^^' ^ ^^^^^^^ ^' 

[O, otherwise. 

In particular, 

^/i in f\ \ j^i,r/h if ^ divides r, ■^r.rfc.l^ if ^ divides r, 

(4.11) Fr^(Aj,^) = <^ ' / . and Fr^([«» ]) = <^ / . 

10, otherwise, 10, otherwise. □ 

Above, C^;) = h^{h.~^)-ih,-s+i) ^ > Q_ 

We shall denote by Fr^ the restriction of Fr^ to U(^{q)- If F is a g-module (resp. g-module), denote 

by Fr^(y) (resp. Fr^(F)) the pull-back of V by Fr^ (resp. Fr^). Since Fr^ is a Hopf algebra map we 
have 

(4.12) FrJ(y ® W) ^ FrJ(V) ®FrJ(Ty). 

Given A € P+, there exist unique A' G P^"^, A" G P+ such that A = A' + /A". Also, for A G recall 
the decomposition A = A'0;(A") given by (|2.11|) . The following theorem was proved in [W\ I38j. 

Theorem 4.16. Let A G P+ and A G P+. Then: 

(a) y^(A) ^ y^(A') (g) V^ilX"). Moreover, V^{1\") ^ Fr^(y(A")). 

(b) V^{X) ^ V^{X') ^ V^iM^")) ^ V^iM^")) ^ F^(A'). Moreover, V^{M^")) ^ FrJ(y(A")). □ 
Corollary 4.17. Let A G P+,a G C^, and suppose g = st^+i. Then, V(;{lX,a) ^ FrJ(y(A,aO) = 

Proof. Using Proposition 14.121 and (|2.12p . one easily sees that V(^{lX,a) = V(^{(j)i{u ^i)) and we are 
done by Theorems 14.161 and 14. lOi □ 

The following result is easily established. 

771 

Proposition 4.18. Let A, ;U G P~^,a G C^, and write V{X) (g) F(/i) = ^(^j) ^or some m G Z>o 

j = 1 

771 

and Uj G P+. Then V{X, a) V{fi, a) ^ V{uj,a). □ 

j = 1 

By combining the above proposition with Theorem 14. 101 we get: 

vn 

Corollary 4.19. Let m G Z>o, Aj G P^, and aj G for j = l,...,m. Then l/(Aj,aj) is 

i = 1 

irreducible iff aj ^ aj for all i ^ j. □ 

Corollary 4.20. Let m G Z>o,A,Aj G P^,a,aj G for j = l,...,m and A = YYj=i^\j,aj- We 
have: 

TTl 

(a) If ai ^ a J for ah i / j, then V(^{UX)) ^ ® Vi^iU'^ x„a,)) ■ 

j = 1 

A'' 

(b) Ify(A)^F(Ai) ^ y(;Uj) for some G Z>o and /i^ G P+ , thenV^{cPi{ux,a))^V^{M^Xi,a)) = 

k = 1 

iV 

V^(0,(CJ^ a)). 

fc = 1 
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Proof. Immediate from Proposition 14.181 Theorems 14.161 and 14.101 and Corollary 14.171 □ 

The following theorem was proved in jl4^ [T9] . 

Theorem 4.21. Let q = 5I2, rn,, m' € Z>o, ai, . . . , am, &i, • • • , ^m' G , Ai, . . . , Am £ -Pi^\{0}) and 
Hi, ... , Hm' G -P^\{0}. Then, the tensor product 

V^{Xi,ai) (gi • • • (g) V^{Xm,am) V^{lfli,bi) (g) • • • (g> y5(/^m',6m') 

is irreducible iff the polynomials ^{^aj ,\j{hi) 

and (pi{u^^^fji ),j = 1,. . . ,m,k = 1,. . .m', are in general 

position. In particular, every simple object of is isomorphic to a tensor product of evaluation 
modules. □ 

4.4. Highest-£-weight tensor products. The goal of this subsection is to prove a root of unity 
analogue of the following theorem which is the main result of [8] . 

Theorem 4.22. Suppose ^ is not a root of unity, m G Z>o, and Xj € for j = l,...,m. If 
(Ai, . . . , Am) is in ^-resonant order, then V^(Ai) (g • • • (g V^(Am) is a highest-£-weight C/|(0)-module.n 

Corollary 4.23. Let ^ have infinite order. Given oi,...,afc € C(^), there exists a £ Sk such that 
^5(<^n,a^(i),mi)<g- • ■ '^yd^ik,a„ik),mk) is highest-^- Weight for any choice of h,... ,ik and of mi, . . . ,mfc. 

Proof. Immediate from Theorem 14.221 and Lemma 12.41 □ 

As an application of this corollary alongside results of [5] , the following theorem was proved in [12] . 

Theorem 4.24. Suppose ^ has infinite order and that A = Ytj=i^ij-aj ^ foi" some ij G I,aj € 
C(0^. Then, there exists a £ Sk such that W^{X) = y^{^i„f^^-,,a„^-^-)) g) • • • <g yd^i„^k),aa(k))- ^^^^^ 
words, if Xi{u) is either constant or splits for all i £ I, then the associated Weyl module can be realized 
as a tensor product of fundamental representations. □ 

We now give a counterexample showing that both Corollary 14.231 and Theorem 14.241 do not hold in 
the case ^ = C- 

Example 4.25. Let g = si2,I = {i}, = Ci^ = 3, and suppose 01,02,03 G are such that 
{aj/ak '. I < j < k < 3} = {C,C^}- Let also A = Y\^=i^i,aj- We claim that W((A) is not isomorphic 
to V(^{ui^a^^^^) (g V(^{ui^a^^2)) ^c('^*>«<t(3)) ^ ^ ^3- proving this, it suffices to show that 

V(;{uji^a) <g "^c(^*,<) ® ^c(<^i,aC2) yci^i,a) ig V'c(<^j,aC2) ® ^c(^i,ac) highest-^- Weight for 

any o G C^. Let vi,V2,V3 be highest-^- weight vectors for each factor of these tensor products, v = 
1)1 gi f 2 g" V3, and W = Ui^{g)v. It suffices to check that the dimension of VFj^. is less than 3. In fact, 
one easily checks using Lemma 14.141 and Proposition 11.6( c) that for the later tensor product W^. is 
1-dimensional while for the former W^j, is 2-dimensional. 

With a little more work one can compute composition series for the above tensor products. Namely, 
if V = V^{uJi^a) gi yc{^i,ac) ^ ^c('^«,fflC^)' ^^^T^ V = W ® V'^(a;j ^c) and there exists a non-split short 
exact sequence 

On the other hand, if V = V(;{ui^a) <g V^^Ui^aC^) (g Vi^iui^ac), then V = W ® V^^Ui^ac) © ^c(^j,<2) and 
there exists a non-split short exact sequence 

^ V^{u;i,a) -^W^ V^iX) ^ 0. 

In this case W = W^iSuJi, a). □ 



31 



Definition 4.26. Let g = s[2,/ = {i}, and A = Y['j=i^i,ak some k G Z>o and Uj G for 
j = 1, . . . , k. We say that A is C-regular if there exists a & Sk such that W(^{X) = V^((<^i,a^(i)) ^ • • • fX" 
^c(^«,acr(fc))- -'■'^ general, given g, let wq = Sj^ ■ ■ ■ Sii be a reduced expression for wq. We say that 
A G "P"*" is C-regular (with respect to this reduced expression of wq) if iTij_^ • • • Ti^\)i^ is Cij -regular 
for ah j = l,...,iV. 

Example 4.27. Let q = sts,/ = {1,2},/ = 3, a € C^,A = Ui^aC,,2'^2,aQ'^-: and ?i;o = S1S2S1. Then 
TiA = (cJi,a,2)~"'^'^2,a,3 and, hence, by Example 14.251 A is not C-regular. 

For the next two lemmas we will use the following notation. Let A, /i € P^, A = wt(A), /i = wt(/i), 
and , be highest-^- weight vectors of highest-^- weight modules V, W of highest weight A and 

H, respectively. Let also v"^ be a generator of Vu,x for w € W. 

A 

Lemma 4.28. Suppose i £ I and w £ W are such that £{siw) = l{w) + 1. Then, the C/g(0j)-module 
U£,{Qi){v'^ ® v^) is a quotient of W^{{Tu,X)iyi^). 

Proof. Straightforward using Proposition 11.61 and Corollarv 14.71 (cf. [H Lemma 4.3] for ^ not a root of 
unity) . □ 

Lemma 4.29. Suppose (^v,, G U({q){v^ ®v,,). Then, V ®W = U({q){v, ®v,,). Moreover, if 
^ = 1/ = C/fi"(0)?;^, = C/f°(0)?^^, and G [/fi^(n+)?;^o, then V ®W = UI''{q){vx ® v^). 

Proof. The proof is a refinement of that of [HI Lemma 4.2]. Since 

K"r)^''^<° = for all i£l,r,k £ 
' A 

Z,k > 0, it follows from Proposition [L6] that (x~^)^''^(v^° ^ ""fi) = ® Hence, 
v'^(S)WC U^{q){v^ v^). Similarly, ii ^ = (,V = U^''{q)v^, and 14^ = U^''{9)v^, then (g) C 
C/?°(s)(t^;^®^;^). 

Next we prove that v^i^W C U^{q){v^'®Vij^) and, under the hypothesis of the "moreover part" of the 
statement, that v^(^W c: U^'^{q){v^ '^v^). Since G U^{n'^)v'^ (respectively, G C/^°(n+)u^o), 
it suffices to show that 

(4.13) • • • i4^,rj''"'^ ^;;°) U^iQ)iv^ V^) 

for all m G Z>o, fcj G Z>0) S /, G Z (for the "moreover part" it suffices to prove this with kj = 1 
for all j = 1, . . . , m and with U^'^{q) in place of U^{q)). We proceed by induction on the height of 
kjOi-. Induction clearly starts for m = 0. We shall write the proof for the first statement only 
since the second one is proved similarly. 

Let V = (x+^^J^'^^) . . . (3;+^ )('=-) v'^o and assume, by induction hypothesis, that v^W C C/g(0)(f , 
' ' A ^ 

Vjj^). We now prove that (x^ j._^v) ® W Q U^{q){v^ ® ^^)- We consider only the case ri > since the 

case ri < is similar. The proof is by induction on ki with a further subinduction on ri. Let v' G W. 
By Proposition 1 1 . 61 we have 

where is a sum of vectors which belong to 



W 
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with the height of ^JLi ^jC^i'- strictly smaller than that of ^JLi kjaij, while zu' is a sum of vectors 
belonging to 

with < k < ki,0 < Sj < ri and k + XljLi — ^i- Hence, by the induction hypothesis on the 
height we have w £ U^{q){v^ "X" f^), while the same is true for w' by the subinduction hypothesis 
on ki and ri (observe that if /ci = 1 then k = and if ri = then w' = which shows that both 
subinductions start). Since (a;^ ^1)*''^^^^ obviously belong to U^{q){v^ (8) v^), it follows that 

for all v' G W. This completes the proof of (|4.13p . 

Finally, it remains to show that 
(4-14) • • • i^L,rJ''^^ v^)0WQ U^imv^ ^ v^) 

for all m G "LyQ^kj G G I,rj G Z. The proof of (j4.14p is identical to the proof of ()4.13p 

replacing {xf. ^)^^^^ by {x^. ^)^^^^ and u*^" by f . . □ 

Proposition 4.30. Let g = 5(2, m G Z>o, and Xj G for j = 1, . . . ,m. If (Ai,...,Am) is in 
^-resonant order, then V^(Ai) (8) • • • (8) ^^(Am) is a highest-i'-weight ?7^(g)-module. Moreover, if ^ = C 
and Xj G 7^^ for all j = 1, . . . , m, then F^(Ai) (8) • • • (8> V(^{X„i) is generated by the action of U^^{q) on 
the top weight space. 

Proof. If ^ = 1 this is part of Theorem l4.10l and if has infinite order this follows from |141 Lemma 4.10] 
which will be reviewed below. Thus, assume ^ = C- We first prove the "moreover" part. We proceed 
by induction on m observing that there is nothing to prove when m = 1. Let Vj,j = 1, . . . ,m, be 
highest-£-weight vectors for V(^{Xj) and v' = V2^- ■ •(8fm • By the induction hypothesis, V = U^'°^{q)v'. 

The proof runs parallel to that of [141 Lemma 4.10]. Let / = {i}. By Theorem 14. 2H it suffices 
to consider the case Xj = ijJi.aj,nj for all j = 1, . . . ,m and some Oj G and < < /. Given 
/c G {0, . . . , Uj}, set = {x^Yvj so that {v^ : k = 0, . . . , rii} is a basis of V{Xj). By Lemma [4.291 it 
suffices to show that 

(4.15) G C/^fi"(g)(wf 8)w') for all fc = 0,...,ni-l. 

It is not difficult to see, using Proposition 11.61 that there exist Ur^s £ C such that 

m 

(4.16) xr^iv'l (^v') = Y^ ar,sWs 

s=l 

where wi = v'^'^^ <^ v',W2 = f f (8) f 2 ^ f 3 CS" • • • CS" Vm, ■ ■ ■ , Wm = Vi ^ V2 <^ ■ ■ ■ <^ fm-i <Xi vj^- In fact, 
Ur^s can be explicitly computed using Lemma 14.141 It turns out that the determinant of the matrix 
(ar,s),0 < r,s < m, is different from zero iff ai/oj 7^ ^-{ni+nj-2k) Oj/ai 7^ for all 

1 < j < £ < m (see the proof of [HI Lemma 4.10]). Since (Ai, . . . , Am) is in ^-resonant order, ()4.15p 
follows. 

To prove the first statement, write Xj = X!j4>i{X'-) as in (j2.1ip and notice that Theorem 14. 16r b) and 
Corollary I4.20l fa) imply that 

Fc(Ai) • • • Fc(Am) ^ yc(^'i) ^c(^m) ® vdMfJ-)) 

where /x = HJli A". Set V = V^{X[) • • • ^((A;,) and A = U" 

A •. Since we have already proved 

the "moreover" part of the theorem, it follows that y is a highest-^- weight module of highest-^- weight 
A. Let v.. ,Vij^ be highest-£-weight vectors of V and W = V(^{(pi{fj,)), respectively. By the "moreover" 
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part of Theorem I4.16r b). x^^. acts trivially on W and, hence, V G U^^{q){v^ ® ^^)- We are 

done by Lemma 14.291 □ 

We now prove a stronger version of Proposition 14.301 for two-fold tensor products of evaluation 
representations. For this purpose only, if / = 1, i.e., if ^ is generic, set = (recall that P^ = {0} 
in our usual notation). Thus, let g = 5I2, / = {i}, a,b ^ C{(,)^ , and A,^ G P^ be such that 
a/b / ^-{Hh^)+Kh^)-2k) fQj. any < A; < min{A(/ii), /x(/ii)}. In other words, (^i,a,A(h,)' ^i.M^^)) is in 
weak ^-resonant order. Observe that if A(/ij) < //(/ij), then {'j^i^a,\{hi)->^i.b,ii{h^)) is in .^-resonant order 
as well, but this may not be the case otherwise. 

Proposition 4.31. With the above hypotheses, V^(A,a) ® V^{fi,b) is a highest ^-weight module. 

Proof. We use the notation of Lemma 14.141 Namely, let Vq,Vq be highest-weight vectors of V^(A) 
and V^{n), respectively, and set v'^ = {x^)^''^v'j^_-^^,u = X,fj,. We first prove that ^Vq,v^_i <S) v'^ G 
^g"(s)('^o ^0) for < A; < min{A(/ii), //(/li)} by induction on k. This is done similarly to the 
proof of 1 141 , Lemma 4.10]. Since in the present situation that proof simplifies significantly, let us be 
precise. Induction obviously starts when A; = 0. Hence, assume < A; < min{A(/ii), /i(/ij)} is such that 
v^0vl^ e Uf''{Q){v^ (g) vl^) and let aj-m G C(^), j, m G {1, 2} be such that 

for r = 1,2. It suffice to show that det( 

(^j,m) 7^ 0. Using Proposition 11.61 and Lemma 14.141 one 

computes: 



Therefore, 



[A; + l]^a^'^(^')+^(''')"^''(a^^(''')"^'' + b (^'^C'*) - ^-^^li))) (b^/^C^*))^^ 



det(aj- „,) = [A; + i]^a5^A(/i,)+2M(h,)-2fc |^fJ^-Kh^) _ ^^x(h,)-2k^ 

which vanishes iff either a/b = ^~iMhi)+p.ihi)-2k) _|_ j^j^ _ ^Iiq former does not happen because 
k < min{A(/ii), /x(/ij)}. As for the latter, if ^ is generic [A; + 1]^ 7^ regardless of the value of A: > 0, 
while for ^ = C this follows since k < min{A(/ij), fi{hi)} < I. The induction step is proved. 

If A(/ij) < fi{hi) (which is assumed in the proof of |14l Lemma 4.10]), the proof is completed by 
using Lemma 14.291 Otherwise, let V = V^(A,a) <8> V^{fi,b). By Lemma 14.291 again, it suffices to show 
that v^f^,^ <8> t'o G U^{q){vq ^ Vq). To prove this, in turn, by Proposition 13. 2|, it suffices to show that 

since v^j^,^ (8) f q G Vx+i_i-x(h^)ai and X + fi — \{hi)ai = wq{\ + /i — ^{hi)ai). We now use the first part 
of the proof to show that 

(4.17) ^A+/.-fca, ^ Ui.{q){v^ O for all < A: < ^(/i,). 

Observe that the vectors Vj := (g) w^, j = 0, . . . , A;, form a basis of V\j^^-kai- The proof of (|4.17p 
is again done by induction on k. Since for Ac = there is nothing to prove, assume < A; < /i(/ii) is 
such that (j4.17p holds. This implies Vj G U^{q){vq ® Vq) for all < j < A:. Using Proposition 11.61 and 
Lemma l4. 141 once more we get 

x-v^ = [k-j + i]^e^'''^-'^{vtj+i ® <) + [j + M^k-j ^ v^+i) e m)(yo ® <)• 

Since [j + 1]^ 7^ for all j = 0, . . . , A: and, by the first part of the proof, v^_^^ ® f q G U^{q){vq (g) Vq), 
one easily proves recursively on j = 0, . . . , A;, that v^_j ® Vjj^^ G U^{q){vq ® v^). □ 



34 



DIJANA JAKELIC AND ADRIANO MOURA 



Remark. As of the moment we do not know if the above proposition remains true or not in greater 
generality. Thus, we pose the following question. Can ",^-resonant order" be replaced by "weak ^- 
resonant order" in Theorem 14.221 .'' By looking at the proof of Theorem 14.221 one sees that it suffices 
to answer this for g = 5(2. In other words, it suffices to show a version of Proposition 14.311 for 
tensor products with arbitrary number of factors. The generalization of the first part of the proof of 
Proposition 14.3X1 is identical to the proof of [14^ Lemma 4.10] (this is implicitly used in the proof of 
Theorem I4.22|) . Hence, it remains to generalize the argument of the second part of the proof. 

The next lemma is easily established. 

Lemma 4.32. Let A € and let v be a highest-£-weight vector of V^(A). Then U^{gi)v is an 
irreducible C/g(0j)-module for all z G I. □ 

Theorem 4.33. Let m € Z>o and Xj € for j = 1, . . . ,m. If (Ai, . . . , Am) is in (^-resonant order and 
Xj is C-regular for all j = 1, . . . , m — 1, then V(^{Xi) (8" • • • (8) V((Am) is a highest-£-weight [/^(g)-module. 

Proof. The proof runs parallel to that of Theorem 14.221 with a few modifications. We again proceed 
by induction on m and observe that there is nothing to prove when m = 1. Once more, let Vj,j = 
1, . . . ,m be highest-^- weight vectors for V^(Aj) and v' = V2 ■ ■ ■ Vm- By the induction hypothesis, 
V' = Uf''{Q)v'. 

Fix a reduced expression for wq, say Sj^ ■ ■ ■ Sij. By Lemma [4.291 it suffices to show that 

(4.18) vl^''"''' (g)v' eUt;{~Qi^){vl''^'"'''' (g)v') for all j = l,...,N. 

Now, U(^{Qij)vk is an irreducible C/((0j^.)-module of highest-£-weight (Afc)j^ by Lemma [4.321 By hy- 
pothesis, the {m — l)-tuple ((A2)ij , . . . , (Am)j^) is in ^j^.-resonant order. In particular, it follows from 
Lemma 14.321 and Proposition 14.301 that 

On the other hand, U(;{Qi^)vi^^^ is a quotient of Wi^{{Ti._-^ ■■■TjjAi)j^) by Lemma [4.281 Since 
Ai is C-regular, VF(((Tj^_-^ •••Tj^Ai)j^) is isomorphic to a tensor product of the form Vi^{cJi.^ai) 
•••(g) V"^(a;j^^a^) for some ai,...,afc € and where k = wt(rj^_-^ • • • Tj^ Ai)(/ij^.). The assump- 
tion that ((7i^_i • • • Ti^Xi)i.,{X2)ij,. . . , iXm)ij) is in Ci^ -resonant order impl ies th at (^ij,ai, • • ■,^ij,ak, 
(A2)ij, • • • , iXm)ij) is also in (^j^ -resonant order. It follows from Proposition 14.301 that 

Ud9i,){vl'^''"''''^v') = (t/c(g.,)t^r^-^'"'") ^ mdi^) 

which implies (j4.18p . □ 

We now give a counterexample showing that the "loop" analogue of the first statement of Proposition 
14.1( a) does not hold in general. 

Example 4.34. Let q = 5(2,/ = {i} and a,6 G be such that | / q^'^. It follows that V = 
Vqi^i.a) y^qi<^i,b) is & highest-^- Weight module with highest ^-weight A = Ui^a^i^h G 7^^. Let v and w 
be highest-£-weight vectors of Vq{ui^a) and Vq{ui^b), respectively, and set vi = x'^VjWi = x^w. Then 
G Vg(a^i,a)^-i ,wi eVg{ui^h)^-i , v wi e V^^ ^^-1 , and vi (g) li; G ^^-1 . 

Set also vi = x'^ [y ® w),W2 = ^^liy ® w), and L = Ui^{q){v 0w). It is known that {vi, V2} is an 
A-basis for the zero weight space Lq := LCiVq. Using Lemma 14.141 and Proposition 11.61 one easily 
computes that 

(4.19) vi = q~^vi w + V (S^ wi and V2 = ag^vi (g w -|- 6gu (g wi. 

We will show that there exists no A-basis of Lq formed by ^-weight vectors provided (6 — aq^) ^ A^ 
and a / 6 (a = 6 is the only choice for the pair (a, b) so that any nonzero vector of Vq is an ^-weight 
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vector). By contradiction, suppose there exist a, /5 G C(g) such that {av iX) wi, Pvi w} is an A-basis 
of Lq. Then, the matrix A whose columns are the coordinates of vi, V2 with respect to this basis must 
have entries in A and its determinant must be in A^. Using (j4.19p one easily sees that 

(4.20) ^=(^7-^' 7^-0 ^"""^ detiA) = ia(3)-\b-aq'). 

It follows that a'^jf]"^ G A and, hence, det(^) G A^ iff a,/3, {b — aq^) G A^. Now, there are plenty 
of choices for a,h G A^ such that b — aq^ ^ A^ . 

4.5. On Jordan-Holder constituents. We now prove several results regarding the irreducible con- 
stituents of C/g(0)-modules obtained by specializing C/q(g)-modules. We begin with the following 
general fact. 

Proposition 4.35. Let C be a Jordan-Holder tensor category and V, W objects in C. The set of 
irreducible constituents olV ®W (counted with multiplicities) is the union of the sets of irreducible 
constituents of Vi iX) Wj where Vi runs through the irreducible constituents of V and Wj runs through 
the irreducible constituents of M^. □ 



Recall the definitions of /, C / from §1.11 (Table 1) and of given at the end of §2.31 

Theorem 4.36. Every simple object of is isomorphic to the quotient of a submodule of a tensor 
product of the modules W^{ijJi) for i ^ I,. 

Proof. For simplicity, we write the proof of the theorem for the case that I, is a singleton, i.e., that g 
is not of type -D2m- Thus, let i denote the unique element of I,. For ^ = 1 the result is well-known and 
the proof for ^ not a root of unity is analogous. Moreover, every simple object of is an irreducible 
summand of a tensor power of V^{uJi) = W^{uJi). We now consider the case = C- 

Let A G and ni G Z>o be such that Vq{X) is a summand of Fg(a;j)®™. Fix highest-weight vectors 
Vj of the j-th factor of this tensor product, let Lj = Uji,{g)vj, j = 1, . . . , m, and L = Li (g) • • • (X i-m- 
Quite clearly L = ®jLj = W^(a;j)'^™. Hence, it suffices to show that there exists v € L such that 
x'^v = for all k £ I, Uq{g)v = Vq{X), and the image t; of f in L is nonzero. 

The A-module Lx has an A-basis formed by elements of the form 

Here i = (ii,i,-- - ,iri,i',-- - '■,h,mr" ■,'>'rm,m) and similarly for k. It easily follows that there is an 
A-linear combination of such vectors, say v' , satisfying the two first properties required of v. Write 

i,k 

and observe that there exist cl^ G C[g] and / G A such that the nonzero cL^ are relatively prime in 
C[g] and 



V 

i,k 

Since the c^^ are relatively prime, it follows that ec('^^g) ^ ^ ^'^^ least one value of the pair {i,k). 
The theorem follows. □ 



In order to prove an affine analogue of the above theorem we will need the following proposition 
which will also be used to prove the main result of ^4.61 
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Proposition 4.37. Let A G Vj^, V a nontrivial quotient of Wq{\), and ^ e C'\{g}. If Vq{fi) is an 
irreducible constituent of V with multiplicity m, then V^(7I) is an irreducible constituent of V with 
multiplicity at least m. 

Proof. By an obvious induction on the length of V, it suffices to show the proposition in the case 
Vq{(j,) is a submodule of V. The argument is essentially the same as that of [311 Proposition 4.16]. 
Namely, let u be a highest-£-weight vector of V and L = Uj!^{q)v. Then, from the proof of Theorem 
14.31 L has an A-basis consisting of vectors which are A-linear combinations of elements of the form 
i^ai^,ri)^^^^ ' ' ' i^cii .rj^*^"''^- Let vi,--- ,Vr be an A-basis for where = wt{fx). Any highest-£- 
weight vector for V^(m) is a solution CjVj, for some Cj G C{q), of the linear system 



for all z € /, s € Z, A; € Z>o. By (induction) assumption, there exists a nontrivial solution for this 
system. Since L is admissible and the ^-weights of V are in Va (by Theorem 13.211 given that A e "P^)' 
it follows that there exists a solution with the cj lying in A. Hence, there is also a solution with 
Cj G C[(;] and such that the nonzero cj are relatively prime. This completes the proof similarly to that 
of Theorem HSU □ 

Theorem 4.38. For every A G , there exists G "P^/, such that V^(A) is an irreducible constituent 
of W^{fx). Moreover, if A G Vj^, then fj, can be chosen to be in V\ as well. 

Proof. For ^ = (7, it follows from the results of [181 122j that Vq{X) is a constituent of a tensor product 
of the form Vq{uJij^^ai) <8i • • • V'g(^i„,a™) with G /, and aj G {aj G A^ if A G V^j. The theorem 
now follows in this case by Corollaries 14.231 and I3.22[ 

For ^ G C, consider the module V^(A) and apply the theorem for the case = q. Thus, let 
fj, G "P^/, n be such that Vq{\) is a constituent of Wq{fjL). By Proposition 14.371 ^('^) is a 
constituent of Wg(/x). □ 

4.6. Blocks. Recall the notation introduced in ^2.31 We shall need the following proposition which 
follows from the results of |12[ [22] . 

Proposition 4.39. Let /x G 'P^j, and A = fiTq^k,a for some k G {1,2,3} and some a G C(g)^. If V 
is an irreducible constituent of Wq{\), then V is an irreducible constituent of Wq{fi). □ 

An object F G is said to have elliptic character 7 G F^ if Vjj, 7^ implies 7^(/x) = 7- Denote 

by the abelian subcategory of consisting of representations with elliptic character 7. The main 
result of this section is the following theorem. 

Theorem 4.40. The categories C^,7 G F^, are the blocks of C^. 

This theorem was first proved in [22] in the case that ^ G satisfies |^| 7^ 1 using analytic 
properties of the action of the i?-matrix of U^{q). An i2-matrix free approach was given in [121 §8] for 
the case that ^ is not a root of unity. For ^ = 1, the theorem was proved in [llj. We now give a proof 
that works for any ^ G C'\{g}, thus completing the proof of Theorem I4.40[ 

For a brief review of the theory of blocks of an abelian category see |22t §1]. The proof of Theorem 
14.401 is immediate from the following two propositions. 

Proposition 4.41. If y G is indecomposable, then V for some 7 G F^. In other words. 



37 

The proof of Proposition 14.411 in the case ^ = C is analogous to that given in [11^ [T2] and we omit 
the details (see [121 §8.4]). 

Proposition 4.42. For every 7 E T^, the category cj is an indecomposable abelian category. 

We now prove Proposition 14.42] for £, ^ q. It suffices to show that, given A,// € such that 
7^ (A) = 7^(/i), there exists a sequence of indecomposable modules Wi, . . . , Wm satisfying: 

(a) V"^(A) is a constituent of Wi and V^(/i) is a constituent of Wm-, 

(b) Wj and M^j+i have at least one irreducible constituent in common. 

By Theorem 14.381 and Proposition 14.371 it suffices to prove this in the case A, /i € • Thus, let 
Wi, . . . ^Ujn G V'^ be a sequence as in Lemma 12.71 If ^ = g, it follows from Proposition 14.391 that the 
sequence Wj = (a; j) satisfy the desired properties. If^ GC^,set4j'^ = A and define a;^ € ■p^,j > 1, 
recursively by 

(4-21) ^_,i=^(r,,,^,,J-^^ 

Set ^l' = = Wq{ui'-) and Wj = W-. By Proposition S^Hl W- and W-j^^ have common 

irreducible constituents and, hence, so do Wj and VFj+i by Proposition 14.371 Since Wi is a quotient 
of W^(A) and Wm is a quotient of VF^(At) we are done. 

In the case = 1, the proof of Proposition 14.421 we gave above is an alternative one to that given 
in[n]. 

4.7. On the ^-character of fundamental modules. We now verify that the main result of \\.2\ §6] 
holds in the roots of unity as well. Throughout this subsection we assume ^ 7^ 1. The next lemma is 
well-known and can be easily checked using the formulas of Lemma 14.141 (cf. [3 8', Proposition 9.2]). 

Proposition 4.43. Let g = sl2 and A G . Then V(^{\) = W^{\). □ 

Proposition 4.44. Let g = shj = G C(^)^,A G P+, and r = \{hi). Then, 

r I k \ r I k 

char£(VF'5(a, A)) = Ui^a,T X] I 11 ^i-a^-^^a ) = <^i,a,r ^ ( f| Q;i,agr-2i+i 

fc=0 \i=l 

Proof. For ^ not a root of unity this was proved in [26] (see also \\.2\ Proposition 5.11]). The root of 
unity case then follows follows from Proposition 14.41 (see also |25j). □ 

Lemma 4.45. Let V G C^, G "Pg, and suppose that there exist a nonzero v G V"^ and j G I such 
that a^j's^ ~ for all s G Z. Then, tJ,j{u) is a polynomial of degree wt(/x)(/ij) and (xJq)'^^^^^''^^?; G 
^j/x\{0}. Also, if the ^j factorization of ^j is given by 

k 

t^j = H ^i,a,.,m,., 
r=l 

then /i(q;j (j^^m^-i)~^ G wt^(y) for all 1 < r < A;. Furthermore, for all s G Z, we have 

k nir — l 



T- = l p=0 



and 



dim(V"^Q,-i ) > ^{1 < s < k : Or = a^}. 
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Proof. The first two statements have aheady been proved. The remaining statements for ^ of infinite 
order were proved in [ 12^ Proposition 6.5]. In the root of unity case the proof can be carried out 
exactly as in the infinite order case after observing the following. Due to Lemma 11.101 we can work 

with elements hi^j- as it was done in |12i Proposition 6.5]. Moreover, observe as well that ^ ^^^^""^ € A 

for all i,j (z I and all nonzero integer r. Hence, we have the following identity in Uji^{q) 

Finally, observe that + C^^*" ^ for all r G Z and set 

Hence, we get the following identity in 

(4.22) [k,r, {x-J'^] = (C; + CrrHrc^Ac [hr, (^,>)^'^] 

which replaces equation (6.19) of [12J. From here, all the steps of the proof can be performed exactly 
as in the case of generic. □ 

Given A e P+, let /(A) = {i ^ I : \{hi) = 0} and let >V(A) be the subgroup of W generated by 
{si : i G /(A)}. The proof of the following lemma can be found in [30j . 

Lemma 4.46. Let A G P+. Then, 

(a) W(A) = {w ■.w\ = \}. 

(b) Each left coset of W(A) in W contains a unique element of minimal length. 

(c) Denote by Wa the set of all left coset representatives of minimal length, suppose that w G Wa, 
and that w = Sjw' for some w' &W with l{w') = l{w) — 1. Then, w' G Wa. D 

The following theorem can now be proved exactly as in [12\ Theorem 6.1]. 

Theorem 4.47. Suppose g is of classical type. Let i G I, a £ C{^)^ and assume that A G wt^ (^^(cjj^a)) 
is such that wt(A) = A G P+. Then, 

dim{V^{u i^a)\) = dim{V^{u i^a)rp^x) and T^{wte{V^{u;i^a)x)) = wt<?(yg(cJi,a)u.A) 

for all w G Wa. Suppose further that A 7^ <^i^a- Then, there exist fi G wt£(V^(a;j q)), b,c £ C(^)^, and 
J G / such that tij{u) = (1 — bu){l — cu), and 

(4.23) A = /2(aj-b)-i. 

Moreover, if c 7^ b^~^, then fi (otj^c)^^ £ wt£(V^(cjj^a)) and, if c = 6, then dim(V^(cjj_a)^) > 2. □ 

Theorem 14.471 provides an algorithm for computing a lower bound for chai£{V^{uJi^a))- For ^ of 
infinite order, it was used together with the knowledge of char(^(a;j^a)) (see [7]) in [13] to compute 
c]iaiC£{V^{ui^a)) ■ Notice that it follows from Proposition 14.41 that e^(char^(V^(a^j^a))) is an upper bound 
for chaiC£{V^{ui^a))- We finish the paper by giving an example explaining how to use these facts and 
Corollary 14.51 to identify values of ^ for which 



(4.24) V^iUi^a) = VgiUi^a). 

It follows from Proposition [33] that (|4.24p holds iff 

(4.25) chaie{V^{u;i^a)) = e^{chaii{Vg{u;i^a)))- 
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Remark. Observe that, if uoi is minuscule, then (j4.24p holds for any value of ^ (including ^ = 1). In 
fact, given a € C(^) and a minuscule Wj, we have 

On the other hand, if LOi is not minuscule and = 1, then ()4.24p is always false because V{ui^a) is 
irreducible as g-module, while Vq{ui^a) is not. 

Example 4.48. Assume from now on that ^ = C,,a ^ C^, g is of type £>„ and i = 2. Let /ij € Vq be 
defined by 



(4.26) /X,- 



j (^j-l.aqJ+l) ^^i-l,ag2"-J-3^j,agj ('^j,ag2"-J-2) ^ if 1 < J < " 2, 
\<^j,a<^"-3(<^j,ag"+l)"^ if j = n - l,n. 

Thus, according to [l2l (6.8)], 

(4.27) di3Ii{Vq{u2,a)) = Yl ^«'(^2,a)+ Yl + 2Mn-2- 

Since wt(r^(^2,a)) ^ i^^, by Corollary [45l (|4:24l) holds provided /J^- ^ P+ for ah j = l,...,n. If 
1 < j < n — 1, Jlj £ iff / divides 2(n — j — 2) and 2(n — j — 1) which implies / divides 2. Similarly, 
'JI^_i,'p^ £ iff / divides 4. Since we are assuming I is odd, we conclude Jij ^ P"*" for all j > 1. 
Finally, fli € iff I divides 2(n — 2). Hence, since I is odd, if / is not a divisor of n — 2, (j4.24p holds. 
We now compute the multiplicity of the space V{ijJ2,a)-n, assuming I does not divide n — 2. Notice 
that, if j < k, then 

(4.28) Jij = 'p,i. iff l<j = k- l<n-2 and / divides n-2- j. 
Hence, Jin-3 7^ A*n-2 any value of / and 



(4.29) dim(y^(u;2,a)^. 



2, if 1 < J < — 2 and / divides n — 2 — j, 
1, otherwise. 



Let us now discuss the case when / divides n — 2. As pointed out to us by Nakajima, it follows from 
the algorithm given in [42j that 

(4.30) charKy^(cJ2,a)) = Yl ^-(^2,a) + Y Mj+27In-2- 

Moreover, dim{V(^ {lj 2, a) jz ,) for j / 1 is given by (j4.29p . We now give an alternate proof of (I4.30p 

using Theorem 14.471 and the theory of specialization of modules. Let ^ be any element of C again. As 
in [m §6.5], set 

'^j = •^i-l ■ • • SlSj+i ■ ■ ■ Sn-2SnSn-lSn-2 ■■■Si. 

Observe that Wuj2 = {'^j • i = li • • • and WjU2 = ctj. One then computes (cf. [HI (6.10)]) 

{i^j-i,ai^+^y^^jM^^j,ai'^"-^-^^^j+^,<^"-^-^^~^' if j < n - 2, 
{^n-2,a^"T^^^j,a("-^^j,a(r^-3, if j = n - l,n. 



(4.31) r^,(cJ2,a 

Notice 



(4.32) -p^ 



'71j,^ (^2,a)(Q!j,<2"-4-i) \ if 1 < j < n - 2, 

T^„,_i(^2,a)(a,-i,ae^-i)-\ if 2 < J < n - 2, 

?'u>,(^2,a)(Q!i,ae-3)"\ if j = n - 2,i = n - l,n, 

^T^^.(^^2,a)(Q!j,ae-0~^ ifj = n- l,n. 
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It immediately follows from Theorem 14.471 that /Xj € wt£(V^(cj2,a)) for j > n — 2 and, moreover, that 
dim(y^( 

'^2,a)ji ^) ^ 2. Let 1 < J < n — 2 and observe that 

/-2n—4—j 

(4-33) C^ = ^'' ^ ^CTJv^r^- 

Together with Theorem 14.471 this implies that, if 1 < j < n — 2, either T^^. (a;2,a)(Q!j,a$2n-4-3)^^ € 
wt£(y^(a;2,a)) or T^y^.j (a;2,a)(Q:j-i,a$i-i)~^ G wt^(Vf (u;2,a))- Hence, /I^- G wt£(F^(a;2,a)) for all j > 1. 
It remains to show that Jii ^ wt£(V^(a^2,a)) if ^ divides n — 2. 

To do this, let V = Vq{u;2,a), w be a highest-£-weight vector of V, L = Ua{9)v, and v^^ be as in 
(|4.7p . In particular, f^,^. is an A-basis element of L and, hence, its image G F is nonzero. Let 
also Wj = Uq{Qj)vii,. and Wj = f/((0j)7y~. Since v^^ is a highest ^-weight vector for Uq^Qj), Wj is a 
quotient of the Weyl module for this subalgebra with highest ^-weight {Tm.{u2^a))j (and similarly for 
Wj). It follows from the above computations that Vfj,^ C Wj and that Vq = Yl^=i(^j)o- We claim 
that Wi must be a Weyl module. In fact, it is easy to see that V^^ n Wj ^ {0} iff j = 1. If Wi were 
not a Weyl module, then it would be irreducible and so would be Wi. This would imply that (7^i)i 
(which is the the constant polynomial) would be an weight of the irreducible [/^(s[2)-module with 
highest ^-weight (1 — a(^u){l — aC~^u). This contradicts Proposition 14.44] 

Since v^,-^ is an A-basis element of L, it follows that Wi is also a Weyl module (alternatively, if Wi 
were not a Weyl module, V would not be highest-^- weight since V-p PI Wj = {0} if j > 1 and we would 

have a contradiction again). Therefore, there exists v' € (VFi)o which generates a trivial submodule 
of Wi. It is easy to see that v' also generates a trivial submodule of V. This shows that /J^ is not an 
^-weight of the irreducible quotient of V which is isomorphic to V,^{u2^a)- 

Remark. The assumption that I is odd is not really essential above and one can easily deduce similar 
results for roots of unity of even order as well. 

We believe that the above line of reasoning could be used alongside the results of [13] to obtain 
expressions for the ^-characters of the fundamental representations of U(^{q) in terms of the braid group 
action for g of classical type. In order to keep the length of present text within reasonable limits, we 
postpone further discussion in this direction to a forthcoming publication. 
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